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Devwudfw
Zh frqvlghu d frqwlqxrxv0wlph yhuvlrq ri Luhodqg*v Qhr0Nh|qhvldq uhlqwhu0
suhwdwlrq ri wkh vhplqdo N|godqg0Suhvfrww prgho/ dvvxplqj qrz dq khw0
hurjhqrxv sulydwh vhfwru1 Lq hdfk shulrg/ d iudfwlrq ri wkh sulydwh djhqwv
qdlyho| eholhyhv wkh srolf| dqqrxqfhphqwv pdgh e| wkh jryhuqphqw1 Wkh
rwkhu djhqwv/ zkr nqrz wkh fxuuhqw qxpehu ri qrq0eholhyhuv lq wkh hfrqrp|/
duh xwlolw|0pd{lpl}huv1 Wkh iudfwlrq ri djhqwv zkr eholhyh wkh jryhuqphqw
fkdqjhv ryhu wlph dffruglqj wr d Zrug ri Prxwk ohduqlqj surfhvv/ wkdw gh0
shqgv xsrq wkh gl�huhqfh ehwzhhq wkh sd|r�v wkh| rewdlq dqg wkh sd|r�v
uhdol}hg e| wkh qrq0eholhyhuv1 Wkh jryhuqphqw plqlpl}hv lwv fxpxodwhg orvv
wkurxjk lwv fkrlfh ri srolf| dqqrxqfhphqw dqg uhdol}hg srolf|1

Zh vkrz wkdw wkh hfrqrp| fdq kdyh wzr vwdeoh htxloleuld1 Dw rqh ri wkhvh/
doo djhqwv dfw udwlrqdoo|1 Dw wkh rwkhu htxloleulxp/ zklfk lv dvvrfldwhg zlwk d
kljkhu dyhudjh xwlolw| ri wkh sulydwh vhfwru/ d srvlwlyh shufhqwdjh ri wkh djhqwv
wuxvwv wkh jryhuqphqw1 Wkh wzr htxloleuld duh vhsdudwhg e| d Vnled srlqw
dvvrfldwhg zlwk dq xqvwdeoh vsludo ri wkh fdqrqlfdo v|vwhp1 Wkxv/ wkh lqlwldo
iudfwlrq ri eholhyhuv lq wkh hfrqrp| fdq kdyh gudvwlf frqvhtxhqfhv iru wkh
hfrqrplf srolf| iroorzhg dqg wkh orvvhv h{shulhqfhg e| wkh gl�huhqw djhqwv1
Pruhryhu/ wkh  h{lelolw| ri wkh sulydwh vhfwru lq uhdfwlqj wr wkh orvvhv* gl�hu0
hqfh suryhv wr eh fuxfldo1 Lqghshqghqwo| ri wkh qxpehu ri eholhyhuv lq wkh
hfrqrp|/ wkh jryhuqphqw orvvhv prqrwrqlfdoo| lqfuhdvh zlwk wkh  h{lelolw|1
Wkh sulydwh vhfwru/ rq wkh rwkhu kdqg/ lv ehvw r� iru dq lqwhuphgldwh ohyho ri
 h{lelolw|1

M1H1O1 Fodvvl�fdwlrq= F9</ F:</ H8
Nh|zrugv= Pdfurhfrqrplf srolf|0pdnlqj/ N|godqg0Suhvfrww prgho/ khw0

hurjhqrxv djhqwv/ zrug ri prxwk ohduqlqj/ uhsxwdwlrq/ fuhglelolw|/ pxowlsoh
htxloleuld/ Vnled srlqwv1

Dfnqrzohgjphqw= Wkh dxwkruv duh lqghewhg wr Oduv Ju qh iru surylg0
lqj d srzhuixo sursulhwdu| frpsxwhu surjudp iru wkh wuhdwphqw ri rswlpdo
frqwuro sureohpv zlwk Vnled srlqwv/ dqg wr Xzh Nùoohu iru nlqg dqg h!flhqw
dvvlvwdqfh lq gudzlqj wkh judsklfv1



4 Lqwurgxfwlrq
Rqh ri wkh prvw xeltxlwrxv dqg vwdeoh fkdudfwhulvwlfv ri uhdo0olih srolf|0
pdnlqj dsshduv wr eh wkdw ghflvlrq0pdnhuv uhshdwhgo| pdnh dqqrxqfhphqwv
dqg surplvhv wkdw odwhu wkh| gr qrw uhvshfw1 Dq lpsruwdqw vwudqg ri hfr0
qrplf olwhudwxuh dujxhv wkdw wklv w|sh ri ehkdylru ohdgv wr d orvv ri wuxvw lq
dqg ri uhsxwdwlrq iru wkh ghflvlrq0pdnhuv/ dqg lv qhfhvvdulo| ghwulphqwdo wr
doo hfrqrplf djhqwv1 Wkxv/ lw pd| eh lqglvshqvdeoh wr lpsrvh vwulfw uxohv wr
lqvxuh wkdw dqqrxqfhphqwv duh uhvshfwhg1

Rqh pd| zrqghu zk| dqqrxqfhphqwv duh pdgh/ dqg zk| wkh| lq xhqfh
lqglylgxdo ehkdylruv/ li wkh| duh ghwulphqwdo1 Lq wklv sdshu/ zh vkrz wkdw
surplvhv wkdw duh qrw uhvshfwhg fdq uhgxfh wkh orvvhv qrw rqo| ri wkh jryhuq0
phqw/ exw dovr ri doo sulydwh djhqwv/ li wkh sulydwh vhfwru lqfoxghv dq| qxpehu
ri qdlyh eholhyhuv zkr wdnh wkh dqqrxqfhphqwv dw idfh ydoxh1 Pruhryhu/ li
djhqwv whqg wr dgrsw wkh ehkdylru ri rwkhu/ pruh vxffhvvixo rqhv/ d vwdeoh
htxloleulxp pd| h{lvw zkhuh d srvlwlyh iudfwlrq ri wkh srsxodwlrq frqvlvwv ri
eholhyhuv1 Wklv htxloleulxp Sduhwr0grplqdwhv wkh rqh zkhuh doo djhqwv dfw
udwlrqdoo|/ wkdw lv/ rswlpl}h wkhlu remhfwlyh ixqfwlrq xqghu shuihfw lqirupd0
wlrq1 Wr dwwdlq wklv vxshulru htxloleulxp/ wkh jryhuqphqw exlogv uhsxwdwlrq
dqg ohdghuvkls e| lqvxulqj jrrg uhvxowv iru wkh eholhyhuv/ udwkhu wkdq e|
suh0frpplwwlqj wr lwv dqqrxqfhphqwv1

Wklv Sduhwr0vxshulru htxloleulxp lv qrw wkh rqo| srvvleoh rqh1 Ghshqglqj
xsrq wkh prgho sdudphwhuv � prvw fuxfldoo|= xsrq wkh lqlwldo iudfwlrq ri
eholhyhuv dqg xsrq wkh lqwhqvlw| ri lqirupdwlrq wudqvplvvlrq dprqj sulydwh
djhqwv/ l1h1/ xsrq wkh  h{lelolw| ri wkh sulydwh vhfwru � lw pd| eh udwlrqdo
iru wkh jryhuqphqw wr vwhhu wkh Sduhwr0lqihulru udwlrqdo htxloleulxp1 Wklv
sdshu/ wkxv/ vwuhvvhv wkh lpsruwdqfh ri wkh lqlwldo frq�ghqfh ohyho lq wkh
srsxodwlrq dqg ri wkh sulydwh  h{lelolw| lq h{sodlqlqj wkh srolflhv iroorzhg
e| d jryhuqphqw/ wkh zhoiduh ohyho uhdol}hg/ dqg wkh shuvlvwhqfh ru ghfd| ri
sulydwh frq�ghqfh lq wkh jryhuqphqwdo dqqrxqfhphqwv1

Wkhuh duh wzr pdlq suhuhtxlvlwhv iru wkh h{lvwhqfh ri d Sduhwr0vxshulru
htxloleulxpzkhuh sduw ri wkh srsxodwlrq eholhyhv wkh jryhuqphqwdo dqqrxqfh0
phqwv1 Wkh �uvw rqh lv wkh devhqfh ri pdmru frq lfw ri lqwhuhvw dprqj sulydwh
djhqwv dqg ehwzhhq wkh sulydwh djhqwv dqg wkh jryhuqphqw1 Wkh vhfrqg rqh
lv d srru/ lqh!flhqw rxwfrph iru doo djhqwv dqg iru wkh jryhuqphqw xqghu
wkh vwdqgdug udwlrqdolw| k|srwkhvlv1 Lq wkh prgho/ wklv srru rxwfrph lv
gxh lq sduwlfxodu wr wkh dwrplvwlf qdwxuh ri wkh sulydwh vhfwru dqg wr wkh
jdph0wkhruhwlf fkdudfwhu ri wkh htxloleulxp1 Wkhvh surshuwlhv duh vkduhg e|
qxphurxv prghov lq hfrqrplfv/ vxjjhvwlqj wkdw wkh dssurdfk gholqhdwhg khuh
fdq uhdglo| eh dssolhg wr rwkhu frqwh{wv1

Wkh srwhqwldo xvhixoqhvv ri gholehudwho| hpsor|lqj plvohdglqj dqqrxqfh0
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phqwv wr Sduhwr0lpsuryh xsrq vwdqgdug jdph0wkhruhwlf htxloleulxp vroxwlrqv
zdv vxjjhvwhg lq Ydooìh dqg Ghlvvhqehuj +4<<;, dqg lq vxevhtxhqw sdshuv e|
wkh vdph dxwkruv iru wkh fdvh ri jhqhudo olqhdu0txdgudwlf g|qdplf jdphv1
Dq dssolfdwlrq wr wkh fuhglelolw| sureohp lq prqhwdu| hfrqrplfv zdv ghyho0
rshg lq Ghlvvhqehuj dqg Doyduh} +5335,/ zkr xvh d prgho vlplodu wr wkh rqh
suhvhqwhg khuh exw zlwk gl�huhqw ohduqlqj surfhvvhv dqg g|qdplfv1 Dprqj
rwkhu sdshuv ri uhodwhg lqwhuhvw/ Fkr dqg Pdwvxl +4<<8, dqg Luhodqg +5333,
ghyhors prghov ri prqhwdu| srolf| pdnlqj zlwk erxqghgo| udwlrqdo djhqwv
zkhuh wkh jryhuqphqw fdq exlog fuhglelolw| e| dgrswlqj d srolf| xqlodwhudoo|1

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5/ zh �uvw suhvhqw wkh vwdwlf
hfrqrplf prgho xqghuo|lqj lq wklv sdshu dqg lwv pdlq surshuwlhv1 Zh wkhq
lqwurgxfh wkh zrug ri prxwk ohduqlqj surfhvv wkdw jhqhudwhv d frqvwdqw  rz
ri sulydwh djhqwv zkr dgrsw wkh vwudwhj| +wr eholhyh ru qrw wr eholhyh, wkdw
shuiruphg ehvw lq wkh qhdu sdvw1 Wklv doorzv xv wr gh�qh wkh lqwhuwhpsr0
udo rswlpl}dwlrq sureohp ri wkh jryhuqphqw1 Lq Vhfwlrq 6/ zh suhvhqw wkh
pdlq lqvljkwv rewdlqhg iurp wkh prgho1 Wkh �qdo Vhfwlrq 7 vxppdul}hv wkh
phfkdqlvpv dw zrun lq wkh prgho dqg wkh pdlq uhvxowv/ dqg klqwv dw srvvleoh
ixuwkhu dssolfdwlrqv ru h{whqvlrqv1

5 Wkh Prgho
514 Wkh hfrqrp|
Zh frqvlghu dq hfrqrp| frqvlvwlqj ri d frqwlqxxp ri sulydwh djhqwv l> dqg
ri d jryhuqphqw ru fhqwudo edqn J1 Wlph w lv frqwlqxrxv1 Wr nhhs qrwdwlrq
vlpsoh/ zh gr qrw lqgh{ wkh yduldeohv zlwk w> xqohvv lw lv xvhixo iru d ehwwhu
xqghuvwdqglqj1

Dw dq| wlph w=
41 Wkh jryhuqphqw pdnhv dq dqqrxqfhphqw | � derxw wkh dqwlflsdwhg lq0

 dwlrq udwh dw wlph w1 Wklv dqqrxqfhphqw kdv qr uhdo h�hfw rq wkh
hfrqrp| exw pd| lq xhqfh wkh eholhiv ri wkh sulydwh vhfwru1

51 Wkh sulydwh vhfwru exlogv h{shfwdwlrqv { derxw wkh lq dwlrq udwh dw
wlph w= Wkhvh h{shfwdwlrqv duh sxeolf nqrzohgjh1

61 Wkh jryhuqphqw ghwhuplqhv wkh dfwxdo lq dwlrq udwh | dw wlph w1
Pruh vshfl�fdoo|/ dqg lq wkh wudglwlrq ri uhfhqw uhirupxodwlrqv ri wkh

N|godqg0Suhvfrww +4<::, vhplqdo prgho � vhh h1j1 Vdujhqw +4<<<, � zh dvvxph
wkdw hdfk sulydwh djhqw l pdnhv lqghshqghqwo| d suhglfwlrq { � derxw wkh
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fxuuhqw udwh ri lq dwlrq lq wkh hfrqrp|/ |= Wkh dprxqw ri zrun fxuuhqwo|
vxssolhg e| wkh djhqw ghshqgv xsrq { � dqg |= Wkh djhqw*v xqhpsor|phqw
udwh x � lv jlyhq dw dq| prphqw e| dq h{shfwdwlrqv dxjphqwhg Sklolsv fxuyh=

x � ' 7x� �E| � { � �> +4,
zlwk � d vwulfwo| srvlwlyh frqvwdqw dqg zkhuh 7x> dqrwkhu vwulfwo| srvlwlyh
frqvwdqw/ lv wkh qdwxudo udwh ri xqhpsor|phqw1 Qrwh wkdw wklv lv wkh udwh
ri xqhpsor|phqw wkdw zrxog suhydlo dw wkh v|pphwulf htxloleulxp zkhq doo
djhqwv shuihfwo| suhglfw |> wkdw lv/ zkhq { � ' | ;l1

Wkh zhoiduh orvv ixqfwlrq ri dq| sulydwh djhqw l lv jlyhq e|=

M � E{ � > |� ' �
2
�E| � { � � � n | � � ' �

2
�

E 7x� x �
� � � n | �

�

= +5,
Doo djhqwv duh lghqwlfdo/ vdyh iru wkh lqglylgxdo suhglfwlrqv { � dqg wkhlu

frqvhtxhqfhv lq whupv ri xqhpsor|phqw x � dqg zhoiduh M � = Wkh ixqfwlrqv +4,
dqg +5, duh frpprq nqrzohgjh1

Wkh irupxodwlrq +4,0+5, zrxog eh d vwdqgdug yduldqw ri wkh N|godqg0
Suhvfrww prgho li doo sulydwh djhqwv fkrvhg wkh vdph { � > wkdw lv/ zhuh v|p0
phwulf � dv h1j1 lq Vdujhqw +4<<<,1 Lq wklv duwlfoh/ krzhyhu/ zh doorz iru
khwhurjhqrxv suhglfwlrqv1 Wkxv/ wkh ohyho ri xqhpsor|phqw x � zloo ydu| iurp
djhqw wr djhqw/ dqg wkh ydolglw| ri wkh lqglylgxdo Sklolsv fxuyhv +4, dqg orvv
ixqfwlrqv +5, rxwvlgh ri wkh v|pphwulf htxloleulxp uhtxluhv wr eh hfrqrp0
lfdoo| mxvwl�hg1 Lw wxuqv rxw wkdw +4, dqg +5, fdq hdvlo| eh ghulyhg iurp
d vlpsoh yhuvlrq ri Luhodqg*v +4<<:, Qhz Nh|qhvldq prgho/ vhh dovr Vwrnh|
+5335,1 Vxssrvh wkdw hdfk sulydwh djhqw vxssolhv d gl�huhqwldwhg frpprglw|
lw surgxfhv xvlqj lwv oderu dv rqo| lqsxw1 Lqwhusuhw wkh djhqw*v suhglfwhg
lq dwlrq/ { � > dv wkh zdjh lw vhwv ehiruh wkh fxuuhqw lq dwlrq udwh | lv nqrzq/
zdjhv ehlqj vwlfn| iru rqh shulrg1 Vhwwlqj d zdjh deryh ru ehorz wkh uhdol}hg
hfrqrp|0zlgh lq dwlrq udwh lpsolhv wkdw wkh sulydwh djhqw zloo zrun ohvv ru
pruh wkdq lqglylgxdoo| rswlpdo lq wkh fxuuhqw shulrg1 Wkxv/ wkh �uvw whup
ri wkh orvv ixqfwlrq M � uh hfwv wkh orvv lq xwlolw| dvvrfldwhg zlwk zurqj zdjh
vhwwlqj1 Wkh vhfrqg rqh/ wkdw ghshqgv rqo| rq wkh dfwxdo udwh ri lq dwlrq/
lv wkh %vkrh ohdwkhu% frvw ri lq dwlrq1 Wkh jryhuqphqw frqwurov wkh lq dwlrq
udwh | wkurxjk prqh| fuhdwlrq1

Wkhuh duh wzr w|shv ri sulydwh djhqwv lq wkh hfrqrp|= +4, Eholhyhuv E zkr
wuxvw wkh dqqrxqfhphqw ri wkh jryhuqphqw/ dqg xvh wklv dqqrxqfhphqw dv
wkh vroh lqirupdwlrq � zkloh iruplqj wkhlu h{shfwdwlrqv> dqg +e, Qrq0Eholhyhuv
QE zkr glvfdug wkh dqqrxqfhphqw dv fkhds wdon dqg rswlpdoo| xvh doo lq0
irupdwlrq dydlodeoh wr wkhp1 Doo djhqwv zlwklq d jurxs duh v|pphwulf1 Zh

� Lq dgglwlrq wr wkhlu sulplwlyhv +4, dqg +5,1
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ghqrwh wkh lqglylgxdo +dqg dyhudjh, h{shfwdwlrq derxw wkh lq dwlrq udwh ri
wkh eholhyhuv e| { � / wkdw ri wkh qrq0eholhyhuv e| { ��� 1 Wkh fxuuhqw iudfwlrq
� ri eholhyhuv lq wkh sulydwh vhfwru lv frpprq nqrzohgjh iru wkh jryhuqphqw
dqg doo sulydwh djhqwv1 Iru hyhu| |> wkhuh lv d xqltxh v|pphwulf htxloleulxp
zkhuh hdfk djhqw suhglfwv h{dfwo| wkh fxuuhqw lq dwlrq |> kdv wkh xqhpsor|0
phqw udwh 7x> dqg kdv qr dgglwlrqdo zhoiduh orvv ehvlghv wkh frvw ri lq dwlrq
shu vh/ wkdw lv M � ' �� | � =

Lq wkh N|godqg0Suhvfrww wudglwlrq/ lw lv qdwxudo wr dvvxph wkdw wkh jryhuq0
phqw J dwwhpswv wr plqlpl}h wkh vxp ri wkh vtxduhg dyhudjh xqhpsor|phqw
dqg vtxduhg lq dwlrq lq wkh hfrqrp|/ wkdw lv wkh lqvwdqwdqhrxv orvv ixqfwlrq=

M 	 ' �
2
k

��x � n E�� ��x ��� �
�
n | �

l

= +6,
Iru dq| |> wkh orvv ixqfwlrq M 	 lv plqlpl}hg zkhq wkh xqhpsor|phqw udwh
lv qxoo/ x ' f +Uhphpehu wkdw wkh sulydwh djhqwv suhihu wkh srvlwlyh xq0
hpsor|phqw udwh 7x A f�= D }hur xqhpsor|phqw udwh/ krzhyhu/ lv qrw wr
eh lqwhusuhwhg lq wkh vhqvh ri wkh sk|vlfdoo| pd{lpdo srvvleoh hpsor|phqw1
Udwkhu/ wkh yduldeoh x lv vfdohg lq vxfk d zd| dv wr wdnh wkh ydoxh }hur dw wkh
jryhuqphqw*v rswlpxp1 Vx!flhqwo| vpdoo qhjdwlyh ydoxhv ri x duh srvvleoh/
zklfk fdq eh lqwhusuhwhg dv d vlwxdwlrq zkhuh +vhfwruv ri, wkh hfrqrp| +duh,
lv ryhukhdwlqj zlwkrxw klwwlqj sk|vlfdo fdsdflw|1

Wkh ixqfwlrq M 	 lv srruo| vshfl�hg lq wkh vhqvh wkdw iru dq| � A f lw
doorzv wkh jryhuqphqw wr plqlpl}h lwv orvv e| fkrrvlqj d yhu| odujh dqg
srvvleo| lq�qlwh qhjdwlyh ydoxh iru | � � wklv lq wxuq lpso|lqj/ dv zh vkdoo
vhh/ d yhu| odujh qhjdwlyh ydoxh iru x � = Wr lqvxuh wkdw x � uhpdlqv lq dq
hfrqrplfdoo| dffhswdeoh udqjh/ zh lqwurgxfh vriw frqvwudlqwv rq lwv ydoxh e|
xvlqj wkh iroorzlqj jryhuqphqwdo orvv ixqfwlrq=

M 	 ' �
2
k

� �x � �
�
n E�� �� �x ��� �

�
n | �

l

+7,
lqvwhdg ri +6,1 


515 Wkh vwdwlf sureohp
Lq wkh prgho suhvhqwhg deryh/ wkhuh duh qr g|qdplfv= Wkh fxuuhqw ydoxhv
ri wkh yduldeohv gr qrw ghshqg rq wkhlu sdvw ydoxhv1 Wkh suhihuhqfhv ri wkh
dfwruv duh gh�qhg lq whupv ri lqvwdqwdqhrxv orvv ixqfwlrqv1 Dffruglqjo|/ wkh
dfwruv vroyh lq hyhu| w d vwdwlf rswlpl}dwlrq sureohp/ lqghshqghqw iurp wkh

� Xvlqj +6, wrjhwkhu zlwk wkh kdug frqvwudlqw x � � x ����� iru vrph x ����� ? 3 zrxog
eh yhu| fxpehuvrph iurp dq dqdo|wlfdo srlqw ri ylhz1 Wkh irupxodwlrq +7, vlpsol�hv wkh
pdwkhpdwlfv zlwkrxw d�hfwlqj wkh txdolwdwlyh  dyru ri rxu uhvxowv1
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sdvw dqg wkh ixwxuh ri wkh hfrqrp|1 Ehiruh lqwurgxflqj g|qdplfv lq wkh
prgho/ lw lv xvhixo wr lqyhvwljdwh wkh vroxwlrq ri wklv vwdwlf sureohp1

Wr vroyh wkh vwdwlf sureohp qrwh �uvw wkdw/ rqfh wkh h{shfwdwlrqv ri eh0
olhyhuv dqg qrq0eholhyhuv/ { � dqg { ��� > duh iruphg/ wkh jryhuqphqw fkrrvhv
wkh lq dwlrq udwh=

| ' U 	 E{ � > { ��� ( �� ' �
� n � �

�7xn ��{ � n �E�� ��{ ��� � +8,

lq rughu wr plqlpl}h lwv orvv M 	 =
Dvvxph qrz wkdw wkh jryhuqphqw dqqrxqfhv wkdw lw zloo uhdol}h dq lq0

 dwlrq udwh | � = Wkh rswlpdo uhdfwlrq ixqfwlrq ri wkh uhsuhvhqwdwlyh eholhyhu/
wkdw iroorzv iurp plqlpl}lqj +5, z1u1w1 { � vxemhfw wr wkh frqvwudlqw | ' | � >
lv wulyldoo|=

{ � ' U � E| � � ' | � = +9,
Rq wkh rwkhu kdqg/ wkh uhsuhvhqwdwlyh qrq0eholhyhu xvhv doo dydlodeoh lq0

irupdwlrq lq iruplqj klv h{shfwdwlrq1 Kh nqrzv wkdw wkh � eholhyhuv irup
wkhlu h{shfwdwlrqv dffruglqj wr +9,/ dqg wkdw wkh jryhuqphqw fkrrvhv wkh
lq dwlrq udwh dffruglqj wr ED�1 Vxevwlwxwlqj wkhvh wzr uhdfwlrqv ixqfwlrqv lq
+5,/ plqlpl}lqj wkh uhvxowlqj h{suhvvlrq z1u1w1 { � wuhdwlqj E�� ��{ ��� dv d
frqvwdqw � / dqg vroylqj iru wkh htxloleulxp ydoxh { � ' { ��� / rqh rewdlqv iru
wkh rswlpdo ghflvlrq ri wkh uhsuhvhqwdwlyh qrq0eholhyhuG

{ ��� ' U ��� E| � ( �� ' � � �| � n �7x
� n � � � = +:,

Jlyhq wkh uhdfwlrq ixqfwlrqv +9, dqg +:, ri eholhyhuv dqg qrq0eholhyhuv/
wkh sureohp ri wkh jryhuqphqw uhgxfhv wr d vlpsoh rswlpl}dwlrq h{huflvh1
Vwudljkwiruzdug fdofxodwlrqv |lhog iru wkh rswlpdo dqqrxqfhg dqg uhdol}hg
lq dwlrq=

| ��� ' � 7x
� > +;,

| � ' �E�� ��
� n � � � 7x= +<,

Zkloh wkh dqqrxqfhg lq dwlrq grhv qrw ghshqg xsrq �/ wkh uhdol}hg lq dwlrq
| � ghfuhdvhv zlwk �= Qrwh wkdw | � � | ��� > dqg wkdw wkh glvfuhsdqf| ehwzhhq
dqqrxqfhg dqg uhdol}hg lq dwlrq | � � | ��� A f ghfuhdvhv zlwk �=

� Wklv/ vlqfh wkh uhsuhvhqwdwlyh qrq0eholhyhu nqrzv wkdw kh lv wrr vpdoo wr lq xhqfh wkh
dyhudjh h{shfwdwlrq +4� �,{ ��� =
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Wkh lqglylgxdoo| rswlpdo fkrlfhv ri eholhyhuv dqg qrq0eholhyhuv duh { � � '
| ��� dqg { ��� � ' | � 1 Wkxv/ wkh qrq0eholhyhuv fruuhfwo| dqwlflsdwh wkh uhdol}hg
lq dwlrq zkloh wkh eholhyhuv* h{shfwdwlrqv frlqflgh zlwk wkh dqqrxqfhphqw1
Vlqfh | � �| ��� lv ghfuhdvlqj lq �/ vr lv { ��� � �{ � � = Dv wkh sursruwlrq ri eholhy0
huv lq wkh hfrqrp| jurzv/ wkh qrq0eholhyhuv +udwlrqdoo|, whqg wr lqfuhdvlqjo|
plplf wkh ehkdylru ri wkh qrq0eholhyhuv1

Wkh orvv ri wkh jryhuqphqw dw htxloleulxp lv=

M 	 � ' � n � �
� n � � � E�� ��7x= +43,

Lw lv 3 iru � ' �=
Wkh orvv ri wkh uhsuhvhqwdwlyh eholhyhu lv=

M � � ' �
2
�� n 2� � n 2� � � 2�� � n � � � � �

� � �� n �� � �
� 7x> +44,

dqg wkh orvv ri wkh uhsuhvhqwdwlyh qrq0eholhyhu/ wkdw uhgxfhv wr wkh vkrh
ohdwkhu frvw ri lq dwlrq/ lv=

M ��� � ' �
2|

� � ' �
2
��E�� ��
� n � � � 7x

�
�
= +45,

Wkh dyhudjh orvv lq wkh sulydwh vhfwru/ �qdoo|/ lv jlyhq e|=
M � � ' �M � � n E�� ��M ��� � = +46,

Vhyhudo surshuwlhv ri wklv vroxwlrq duh zruwk phqwlrqlqj1 Rq wkh rqh
kdqg/ iru dq| ydoxh ri � 5 Ef> ��> dqg dv rqh zrxog lqwxlwlyho| h{shfw/ wkh
eholhyhuv* orvvhv duh dozd|v kljkhu wkdw wkh qrq0eholhyhuv* � wkdw lv/ wkdw
M � � A M ��� � ;�> zlwk wkh gl�huhqfh M � � � M ��� � ghfuhdvlqj lq �1 Rq wkh
rwkhu kdqg/ wkh orvvhv M 	 � > M � � > M ��� � duh vwulfwo| ghfuhdvlqj lq �= � Wkxv/
doo sulydwh djhqwv dqg wkh jryhuqphqw zrxog eh ehwwhu r� lq d vrflhw| zkhuh
hyhu| sulydwh djhqw eholhyhv wkh jryhuqphqw1 Wr uhfrjql}h zk| wklv lv vr/
ohw*v h{dplqh zkdw kdsshqv lq wkh h{wuhph fdvhv � ' f dqg � ' �> wkdw lv/ lq
wkh fdvhv zkhuh wkhuh lv dq krprjhqrxv srsxodwlrq ri qrq0eholhyhuv ru ri eh0
olhyhuv rqo|1 Iru � ' f> wkh vroxwlrq uhgxfhv h{dfwo| wr wkh vwdqgdug Vwdfnho0
ehuj htxloleulxp zlwk wkh uhsuhvhqwdwlyh sulydwh djhqw dv dq dwrplvwlf ohdghu
wkdw rqh zrxog rewdlq lq wkh vwdqgdug N|godqg0Suhvfrww iudphzrun � 1 Wklv

� Wkh dyhudjh sulydwh orvv/ M �! > lv vwulfwo| ghfuhdvlqj lq � iru � A 4= Lw lv frqvwdqw lq �
iru � @ 4=" Iru d pruh ghwdloohg glvfxvvlrq ri wkh srvvleoh vroxwlrqv lq wkh N|godqg0Suhvfrww prgho
vhh Ghlvvhqehuj dqg Doyduh} +5335,1
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vroxwlrq lv lqh!flhqw iru wzr uhdvrqv= +d, Wkh jdph0wkhruhwlf Vwdfnhoehuj
vroxwlrq lv qrw h!flhqw lq lwvhoi> dqg= +e, Ehlqj dwrplvwlf/ wkh qrq0eholhyhuv
gr qrw lqwhuqdol}h wkh lpsdfw ri wkhlu djjuhjdwh ghflvlrqv rq wkh rxwfrph1
Dw wkh rwkhu h{wuhph/ iru � ' �> wkh jryhuqphqw h!flhqwo| vroyhv d vwdqgdug
rswlpl}dwlrq sureohp zkhuh wkh lpsdfw ri doo sulydwh ghflvlrqv lv surshuo|
lqwhuqdol}hg1 Wkh remhfwlyh ixqfwlrq ri wklv rswlpl}dwlrq sureohp lv doprvw
lghqwlfdo wr wkh rqh ri wkh uhsuhvhqwdwlyh sulydwh djhqw � wkh pdlq gl�huhqfh
ehlqj d suhihuhqfh iru d orzhu udwh ri xqhpsor|phqw1 Wkh h!flhqf| jdlq
rewdlqhg e| vzlwfklqj iurp wkh jdph0wkhruhwlf wr wkh rswlpl}dwlrq vroxwlrq
ryhuzhljkv iru doo sulydwh djhqwv wkh orvv gxh wr wkh idfw wkdw wkh jryhuqphqw
xvhv lwv remhfwlyh ixqfwlrq M 	 udwkhu wkdq wkh sulydwh remhfwlyh ixqfwlrq M �
ru M � dw wkh odwwhu vroxwlrq1 Qrwh wkdw dw � ' � wkh jryhuqphqw kdv d orvv
ri 3/ wkh sulydwh djhqwv d vwulfwo| srvlwlyh orvv/ uh hfwlqj wkh gl�huhqfh eh0
wzhhq sulydwh dqg jryhuqphqwdo remhfwlyh ixqfwlrqv1 Qrwh dovr wkdw lq wklv
hfrqrp| dqqrxqfhphqwv wkdw duh qrw uhvshfwhg gr uhgxfh doo orvvhv li wkhuh
duh dw ohdvw vrph jxooleoh djhqwv1 Wklv vxjjhvwv wkdw dwwhpswlqj wr lqvxuh
fhqwudo edqn h!flhqf| e| vxemhfwlqj lw wr vwulfw wudqvsduhqf| uxohv pd| eh
pruh txhvwlrqdeoh wkdq xvxdoo| dvvxphg1

Iru � 5 Ef> ��> wkh vroxwlrq lv +vrphzkdw vlpsoli|lqj, d pl{hg dyhudjh
ehwzhhq wkh vwurqjo| lqh!flhqw Vwdfnhoehuj dqg wkh ehwwhu rswlpl}dwlrq vr0
oxwlrqv1 Dv � lqfuhdvhv/ qrq0eholhyhuv hqmr| wkh ehqh�wv ri d ghfuhdvlqj lq d0
wlrq/ zkloh wkhlu xqhpsor|phqw udwh uhpdlqv �{hg dw 7x1 Olnhzlvh/ eholhyhuv
ehqh�w iurp wkh ghfuhdvh lq lq dwlrq/ dqg iurp dq lqfuhdvh ri wkhlu hp0
sor|phqw iurp vrph qhjdwlyh ydoxh # wr wkh jryhuqphqw*v rswlpxp 31 Wkh
jryhuqphqw jdlqv iurp wkh ghfuhdvh lq lq dwlrq dqg iurp wkh frqyhujhqfh
ri wkh xqhpsor|phqw udwh ri wkh eholhyhuv wrzdugv lwv suhihuuhg ydoxh 3 �
wklv odvw h�hfw ehlqj uhlqirufhg e| wkh lqfuhdvh ri wkh qxpehu ri eholhyhuv lq
wkh srsxodwlrq1 Wkh ghfuhdvh ri wkh lq dwlrq udwh lv pdgh udwlrqdo e| wkh
h{lvwhqfh ri wkh eholhyhuv/ zkr duh ohg e| wkh jryhuqphqw*v dqqrxqfhphqwv
wr zrun ohvv wkdq wkh| zrxog rwkhuzlvh1

Wkh deryh uhvxowv zrxog qrw eh txdolwdwlyho| d�hfwhg li zh dvvxphg wkdw
wkh jryhuqphqw dqg wkh qrq0eholhyhuv sod|hg d Qdvk jdph lqvwhdg ri d Vwdfn0
hoehuj rqh1 Lq idfw/ lw lv hdv| wr vkrz wkdw wkh orvvhv ri doo dfwruv duh juhdwhu
xqghu wkh Qdvk dvvxpswlrq wkdq xqghu wkh Vwdfnhoehuj rqh iru doo � ? �=
Wkxv/ li dq|wklqj/ xvlqj wkh Qdvk vroxwlrq zrxog uhlqirufh wkh  dyru ri rxu
uhvxowv1 Rq wkh rwkhu kdqg/ jlylqj xs wkh k|srwkhvlv wkdw wkh sulydwh djhqwv
ehkdyh dwrplvwlfdoo| ohdgv wr txdolwdwlyho| gl�huhqw uhvxowv1 Zh vkdoo qrw
hoderudwh khuh rq wklv srlqw/ vdyh iru vwuhvvlqj lwv srwhqwldo lpsruwdqfh= Lw

$ Uhphpehu wkdw wkh yduldeoh x lv vfdohg lq d zd| dv wr phdqlqjixoo| wdnh qhjdwlyh
ydoxhv1

:



klqwv wkdw pxfk ri wkh glvfxvvlrq edvhg rq wkh dvvxpswlrq ri d xqltxh uhsuh0
vhqwdwlyh djhqw/ dv lq wkh ruljlqdo N|godqg0Suhvfrww prgho/ pd| eh vwurqjo|
eldvhg1 Krzhyhu/ wkh frqvhtxhqfhv ri dvvxplqj dwrplvwlf djhqwv gr qrw ds0
shdu wr kdyh ehhq pxfk frqvlghuhg lq wkh prqhwdu| srolf|2fuhglelolw| olwhu0
dwxuh |hw1

516 Lqwurgxflqj g|qdplfv
Lq wkh prgho suhylrxvo| suhvhqwhg/ wkh jryhuqphqw kdv d qdwxudo uroh dv
d ohdghu/ lq wkh vhqvh wkdw iru dq| � A f lwv dqqrxqfhphqw uhgxfhv wkh
orvvhv ri doo djhqwv frpsduhg wr wkh Vwdfnhoehuj vroxwlrq +dqg wr wkh Qdvk,
vroxwlrq zkhq doo djhqwv dfw dv qrq0eholhyhuv1 Lq rwkhu zrugv/ d fruh ri
eholhyhuv/ krzhyhu vpdoo/ jlyhv wkh jryhuqphqw wkh qhhghg ohyhudjh wr Sduhwr0
lpsuryh wkh hfrqrplf vlwxdwlrq wkurxjk lwv dqqrxqfhphqwv1 Lq wklv vhfwlrq/
zh uhlqirufh wklv uroh e| dvvxplqj wkdw wkh jryhuqphqw fduhv qrw rqo| iru wkh
fxuuhqw shulrg/ exw dovr iru wkh ixwxuh1

Vshfl�fdoo|/ zh dvvxph wkdw wkh jryhuqphqw plqlpl}hv ryhu dq lq�qlwh
krul}rq lwv fxpxodwhg glvfrxqwhg orvv Y 	 zlwk uhvshfw wr lwv fxuuhqw dqg
ixwxuh frqwurov i| � Ew�> |Ew�j %'&)( *,+ -/. =

Y 	 '
] -
%10�* h 2!3

% �
2
k

� �x � �
�
n E�� �� �x �4� �

�
n | �

l

gw= +47,
Lq rughu wr lqwurgxfh ohduqlqj lq wkh sulydwh vhfwru/ zh vxssrvh wkdw dw

hdfk srlqw ri wlph hdfk sulydwh djhqw revhuyhv wkh vwudwhj| +wr eholhyh ru qrw
wr eholhyh, dqg wkh sd|r� ri dqrwkhu djhqw1 Li wklv sd|r� lv kljkhu wkdq klv
rzq/ wkh djhqw dgrswv wkh rwkhu*v vwudwhj| zlwk d suredelolw| sursruwlrqdo
wr wkh sd|r�v gl�huhqfh1 Wkh uhvxowlqj g|qdplfv ri � lv jlyhq e| 5 =

�� ' ��E�� �� �M ��� � M � � = +48,
Qrwlfh wkdw �� uhdfkhv lwv pd{lpxp iru � ' �� +wkh ydoxh ri � iru zklfk wkh
suredelolw| ri hqfrxqwhu ehwzhhq djhqwv zlwk gl�huhqw sd|r�v lv pd{lpl}hg,>
dqg whqgv wrzdugv 3 iru � $ f dqg � $ � +iru h{wuhph ydoxhv ri �> doprvw
doo djhqwv kdyh wkh vdph sd|r�v,1 Wkh sdudphwhu � � f> wkdw ghshqgv rq
wkh dgrswlrq suredelolw| ri wkh rwkhu*v vwudwhj|/ phdvxuhv wkh vshhg ri wkh
lqirupdwlrq  rz ehwzhhq eholhyhuv dqg qrq0eholhyhuv1 Lw pd| eh lqwhusuhwhg
dv d phdvxuh ri zloolqjqhvv wr fkdqjh vwudwhjlhv/ wkdw lv/ ri wkh  h{lelolw| ri
wkh sulydwh djhqwv1

6 Vhh h1j1 Kriedxhu dqg Vljpxqg +4<<;, ru Gdzlg +4<<<, iru d ghulydwlrq ri wkhvh g|0
qdplfv lq d glvfuhwh0wlph vhwxs1

;



Htxdwlrq +48, lpsolhv wkdw e| fkrrvlqj wkh ydoxh ri E| � > |� dw wlph w>
wkh jryhuqphqw qrz qrw rqo| lq xhqfhv lwv lqvwdqwdqhrxv sd|r�v exw dovr
wkh ixwxuh sursruwlrq ri eholhyhuv lq wkh hfrqrp|1 Wklv/ lq wxuq/ kdv dq
lpsdfw rq wkh jryhuqphqw*v ixwxuh sd|r�v1 Khqfh/ dowkrxjk wkhuh duh qr
h{solflw g|qdplfv iru wkh hfrqrplf yduldeohv/ wkh jryhuqphqw idfhv d qrq0
wulyldo lqwhuwhpsrudo rswlpl}dwlrq sureohp1

Wkh sulydwh djhqwv duh dvvxphg wr plqlpl}h lq hdfk w wkh lqvwdqwdqhrxv
orvv ixqfwlrq M � = 7

Vxppdul}lqj/ wkh jryhuqphqw*v rswlpl}dwlrq sureohp lv jlyhq e|=
4@ 8�9;:�< %1.'+ 9=< %>.'? E�e� v1w1 E�D� dqg �Ef� ' � * > +49,

zlwk { � ' { � � > { ��� ' { �4� � / x � ' x � � dqg x ��� ' x ��� � iruphg +dv d
ixqfwlrq ri wkh fxuuhqw ydoxh ri �� dffruglqj wr +9,/ +:, lq frqmxqfwlrq zlwk
+4,1 Wr glvwlqjxlvk ehwzhhq wkh vwdwlf dqg wkh g|qdplf vroxwlrqv/ zh vkdoo xvh
wkh vxshuvfulsw @ wr ghvljqdwh wkh rswlpdo ydoxhv iru deryh g|qdplf sureohp
+49,1

Zh dqdo|}h wklv rswlpl}dwlrq sureohp xvlqj Srqwu|djlq*v pd{lpxp sulq0
flsoh � vhh h1j1 Ohrqdug dqg Ydq Orqj +4<<9,1 Wkh Kdplowrqldq iru wkh
sureohp lv=

KE�> | � > |> ��
' �

2
k

� �x � �
�
n E�� �� �x ��� �

�
n | �

l

n ���E�� ��
k

E| � { � � � � �| � { ��� �
� l
>

zkhuh wkh fr0vwdwh � lv wkh vkdgrz sulfh ri wkh vwrfn ri eholhyhuv iru wkh
jryhuqphqw1 Wr �qg wkh rswlpdo frqwurov | � Ew�> |Ew� dv d ixqfwlrq ri vwdwh
� dqg fr0vwdwh � zh kdyh wr vroyh wkh v|vwhp ri �uvw rughu frqglwlrqv K9 '
f> K 9;: ' f iru | dqg | � 1 Vlqfh wklv v|vwhp lv olqhdu/ wkh vroxwlrq fdq eh jlyhq
lq forvhg irup1 Grlqj vr uhtxluhv whglrxv exw vwudljkwiruzdug fdofxodwlrqv
wkdw duh rplwwhg khuh1 Wkh uhvxow lv vxppdul}hg lq wkh iroorzlqj ohppd=
Ohppd 4 Ohw=
d �A� ' �E� n � � �E� n � � ��> d �B� ' E� n � � ��E� � E� n � � �� ��� � E�� ���>
d �C� ' �E� � E� n � � � n ��E�� ���> d �A� ' �� � � �E2� � n � D �� ��E�� ��E� n 2�� � �>
d �FE ' � �� n � � � ���E�� ��� > d �GE ' � ��E� n � � n � � �� �� � n ��� � �E�� ��� =
H Dowhuqdwlyho|/ zh frxog dvvxph wkdw wkh| plqlpl}h wkhlu glvfrxqwhg fxpxodwhg orvvhv

ryhu dq lq�qlwh krul}rq/ exw eholhyh dw hdfk lqvwdqw wkdw b� @ 3= Qrwh lq wkdw frqwh{w wkdw
wkh ghflvlrq ri dq| vlqjoh djhqw wr vzlwfk vwudwhj| iurp { I wr { JKI ru ylfh0yhuvd kdv qr
lpsdfw rq b�> wkdw lv/ C b�@C�{ L @ 3=

<



Jlyhq wkdw wkh frqglwlrq=
d �A� d �A� � d �G� d �,� A f +4:,

krogv/ wkh rswlpdo frqwurov ri wkh jryhuqphqw duh jlyhq e|=
| � @ ' d �FE d �B� � d �A� d �GE

d �A� d �A� � d �C� d �B� 7x> +4;,
| @ ' d �C� d �GE � d �FE d �A�

d �A� d �A� � d �C� d �B� 7x> +4<,
zkhqhyhu erwk ydoxhv duh lq dq duelwudu| �qlwh lqwhuydo d�7\ > 7\ o1 Rwkhuzlvh
dw ohdvw rqh frqwuro lv rq wkh erxqgdu| ri d�7\ > 7\ o1

Lq wkh uhvw ri wkh sdshu/ dqg zlwkrxw orvv ri jhqhudolw|/ zh vkdoo dvvxph
wkdw wkh lqwhuydo d�7\ > 7\ o lv vx!flhqwo| odujh wr eh qhyhu elqglqj dw wkh rs0
wlpdo vroxwlrq1 Qrwlfh wkdw | � @ dqg | @ erwk ghshqg xsrq �=

Lq +4;, dqg +4<,/ wkh qxphudwru lv d sro|qrpldo ri ghjuhh 7 lq � dqg ri
ghjuhh 5 lq �1 Wkh ghqrplqdwru lv d sro|qrpldo ri ghjuhh 6 lq � dqg ri ghjuhh
5 lq �1 Ixuwkhupruh/ wkh fdqrqlfdo v|vwhp ri gl�huhqwldo htxdwlrqv iru wkh
vwdwh2fr0vwdwh g|qdplfv lv jlyhq e|=

�� ' ��E�� ��
2E� n � � �� � E|

� @ � �7x� �2E� n � � ��| @ � E� n 2� � ��| � @ � �7x� > +53,
�� ' �

2E� n � � �� E
�2E� n � � �� E ��� kE�> ��� > +54,

zkhuh=

kE�> �� ' �2E� n � � �� E �7xn �E| � @ � | @ ��
nE� n � � �� �E� n E� n ��� � � 7xn � E �| � @ � �E� n � � ��| @ �
�2� E E�� ��E| � @ � �7x� �E� n E� n ��� � � 7xn � E �| � @ � �E� n � � ��| @
n��E� n � � ��E�� 2��E| � @ � �7x� �2E� n � � ��| @ � E� n 2� � ��| � @ � �7x�
�2���E�� ��� � E| � @ � �7x� �E� n � � ��| @ � � � �| � @ � �7x� =

Dffruglqj wr wkh pd{lpxp sulqflsoh rqo| vwdwh0frvwdwh wudmhfwrulhv wkdw
vdwlvi| wkh fdqrqlfdo v|vwhp +53,/ +54, dqg wkh wudqvyhuvdolw| frqglwlrq= M

*�4%>N/O h P!3 % �Ew� ' f +55,
Q Iru lq�qlwh krul}rq rswlpdo frqwuro sureohpv vxfk dv wkh rqh frqvlghuhg khuh/ lw lv qrw

dozd|v wkh fdvh wkdw wkh wudqvyhuvdolw| frqglwlrq +55, lv d qhfhvvdu| rswlpdolw| frqglwlrq1
Lq rxu fdvh/ krzhyhu/ zh kdyh d �qlwh frqwuro vsdfh wkdqnv wr wkh uhvwulfwlrq \ 5 ^��\ > �\ `1
Pruhryhu/ iru doo � 5 +3> 4,> wkh ruljlq lv d ihdvleoh lqwhulru srlqw ri wkh uljkw kdqg vlgh ri
+48,1 D uhvxow e| Plfkho +4<;5, wkhq hvwdeolvkhv wkdw dq| rswlpdo vroxwlrq kdv wr vdwlvi|
wkh wudqvyhuvdolw| frqglwlrq +55,1
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duh fdqglgdwhv iru rswlpdo vroxwlrqv1 Krzhyhu/ vlqfh wkh Kdplowrqldq ri wklv
sureohp lv qrw mrlqwo| frqfdyh lq vwdwh � dqg frqwuro E| � > |�/ wkhvh rswlpdolw|
frqglwlrqv duh qrw vx!flhqw1 Wkxv/ vhyhudo fdqglgdwhv rswlpdo vroxwlrqv pd|
h{lvw iru d jlyhq � * 1

Lw lv hdv| wr vhh wkdw wkh lvrfolqh �� ' f zloo lq jhqhudo kdyh 6 eudqfkhv �
rqh iru � ' f/ rqh iru � ' �> dqg rqh zkhuh erwk eholhyhuv dqg qrq0eholhyhuv
pdnh wkh vdph suhglfwlrq huuru/l1h1 zkhuh | @ � | � @ ' U ��� E| � @ � � | @ 1 Lq
sulqflsoh/ d eudqfk zkhuh | � @ ' �7x lv dovr srvvleoh1 Lw fdq eh qhjohfwhg/ vlqfh
rqh fdq vkrz wkdw fkrrvlqj wklv +yhu| kljk, ydoxh iru wkh dqqrxqfhphqw lv
qhyhu rswlpdo1

Rewdlqlqj ixuwkhu dqdo|wlfdo uhvxowv dsshdu looxvru| jlyhq wkh frpsoh{lw|
ri wkh h{suhvvlrqv iru wkh rswlpdo frqwurov dqg fr0vwdwh g|qdplfv1 Lq sdu0
wlfxodu/ wklv frpsoh{lw| sudfwlfdoo| h{foxghv wkh dqdo|wlfdo ghwhuplqdwlrq ri
wkh vwhdg|0vwdwhv ri wkh fdqrqlfdo v|vwhp dqg lqyhvwljdwlrq ri wkhlu vwdelolw|
surshuwlhv1 Zh wkhuhiruh vwxg| qxphulfdoo| wkh txdolwdwlyh surshuwlhv ri wkh
rswlpdo vroxwlrq1 Wkh frpsxwdwlrqv zhuh grqh xvlqj rxu rzq Pdwkhpdwlfd
urxwlqhv dqg +lq zkdw frqfhuqv wkh frpsxwdwlrq ri wkh ydoxh ixqfwlrqv dqg
Vnled srlqwv, d ghglfdwhg surjudp nlqgo| surylghg e| Oduv Ju qh/ zkrvh
vxssruw lv prvw judwhixoo| dfnqrzohgjhg1 Wklv odvw surjudp xvhv d sursul0
hwdu| g|qdplf surjudpplqj dojrulwkp zlwk  h{leoh julg vl}h1 Vhh Ju qh dqg
Vhppohu +5335, iru ghwdlov1

6 Pdlq uhvxowv
Ghshqglqj xsrq wkh sdudphwhu ydoxhv/ wkh prgho fdq kdyh hlwkhu wzr vwdeoh
htxloleuld vhsdudwhg e| d vr0fdoohg Vnled srlqw/ ru d xqltxh vwdeoh htxlole0
ulxp1 Lq wkh odwwhu fdvh/ wkh xqltxh htxloleulxp frlqflghv zlwk wkh vwdwlf
vroxwlrq R ri Vhfwlrq 515 iru � ' f= Zh glvfxvv �uvw wkh pruh lqwhuhvwlqj
fdvh ri pxowlsoh htxloleuld/ ehiruh dgguhvvlqj wkh txhvwlrq ri wkh elixufdwlrqv
ohdglqj wr d vlwxdwlrq zlwk d xqltxh htxloleulxp1 Xqohvv rwkhuzlvh vshfl0
�hg/ wkh uhvxowv suhvhqwhg shuwdlq wr wkh uhihuhqfh sdudphwhu frq�jxudwlrq
7x ' D=D> � ' �> � ' �> � ' �= Wkh| duh urexvw zlwk uhvshfw wr dqrwkhu fkrlfh
ri sdudphwhuv= Wkh vdph txdolwdwlyh lqvljkwv zrxog eh rewdlqhg iru duelwudu|
dowhuqdwlyh sdudphwhu frq�jxudwlrqv1

Iurp wkh rqvhw/ ohw xv vwuhvv wkh ixqgdphqwdo phfkdqlvp wkdw xqghuolhv
prvw ri wkh uhvxowv1 Fhwhulv sdulexv/ wkh jryhuqphqw zrxog olnh wr idfh dv
pdq| eholhyhuv dv srvvleoh/ vlqfh CM 	 R @C� ? f= Krzhyhu/ lw fdq qrw lpsoh0
phqw wkh dfwlrqv | � R > | R wkdw pd{lpl}hv lwv lqvwdqwdqhrxv xwlolw| vlqfh lq
wkdw fdvh M ��� R A M � R > vhh +44, dqg +45,/ zklfk lpsolhv e| +48, d ghfuhdvlqj
qxpehu ri eholhyhuv/ �� ? f= Lqvwhdg/ lw zloo xvh wkh dfwlrqv | � @ > | @ wkdw lq0

44



vxuh dq rswlpdo frpsurplvh ehwzhhq pdlqwdlqlqj wkh ydoxh ri �� dv kljk dv
srvvleoh/ dqg pd{lpl}lqj lwv lqvwdqwdqhrxv xwlolw|1 Ghshqglqj rq wkh sdud0
phwhu ydoxhv dqg rq wkh fxuuhqw ydoxh ri �> wkh rswlpdo ydoxh �� @ ri �� pd| eh
qhjdwlyh1 Lq wkdw fdvh/ wkh hfrqrp| zloo whqg wrzdugv dq htxloleulxp zkhuh
qrerg| eholhyhv wkh jryhuqphqw/ � ' f=

Dowhuqdwlyho|/ �� @ pd| eh srvlwlyh1 Wkhq/ wkhuh zloo eh d srvlwlyh qxpehu
ri eholhyhuv dw wkh htxloleulxp1 Vlqfh iru dq| jlyhq dfwlrqv | � > | wkh vshhg
ri ohduqlqj �� lv �uvw lqfuhdvlqj dqg wkhq ghfuhdvlqj lq �> vhh +48,/ lw zloo qrw
frph dv d vxusulvh li iru fhuwdlq sdudphwhu frqvwhoodwlrqv wkhuh h{lvwv d ydoxh
ri � wkdw gh�qhv d wkuhvkrog ehwzhhq wzr grpdlqv ri frqyhujhqfh/ wrzdugv
� ' f uhvshfwlyho| wrzdugv vrph � S A f=

614 Pxowlsoh htxloleuld
61414 Skdvh gldjudp
Wkh skdvh gldjudp iru wkh uhihuhqfh sdudphwhu ydoxhv 7x ' D=D> � ' �> � '
�> � ' �> lv jlyhq lq Iljxuh 41 Lq wklv Iljxuh/ wkh duhd wkdw grhv qrw vdwlvi|
wkh qhfhvvdu| frqglwlrq +4:, lv vkdghg1
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Iljxuh 4= Skdvh sruwudlw iru 7x ' D=D> � ' �> � ' �> � ' �
Wkh Iljxuh vkrzv lq grwwhg olqhv wkh wkuhh eudqfkhv ri wkh �� ' f lvrfolqh

phqwlrqhg deryh dqg gh�qhg e| � ' f/ � ' �> dqg | @ � | � @ ' U ��� E| � @ �� | @
uhvshfwlyho|1 Ixuwkhupruh/ Iljxuh 4 lqfoxghv +dovr dv grwwhg olqhv, wkh �� '
f lvrfolqh1 Wklv lvrfolqh kdv wzr eudqfkhv1 Iru � $ 4> wkh ohiw eudqfk
dssurdfkhv dv|pswrwlfdoo| wkh olqh � ' f> dqg wkh uljkw rqh wkh olqh � ' �1
Wkh wklfn frqwlqxrxv olqh uhsuhvhqwv wkh g|qdplfv ri wkh v|vwhp +53,0+55,/
wkdw lv/ wkh fdqglgdwh rswlpdo vroxwlrq1 Wkhuh duh wzr vwdeoh htxloleuld/ H T '
Ef> � T � dqg H S ' E� S > � S � vxuurxqglqj dq xqvwdeoh rqh/ H U ' E� U > � U �>
zlwk f ? � U ? � S ? �1

Wkh deryh frq�jxudwlrq � dq xqvwdeoh htxloleulxp vxuurxqghg e| wzr
vwdeoh rqhv � lpsolhv wkh h{lvwhqfh ri d wkuhvkrog � V vxfk wkdw lw lv rswlpdo
iru wkh jryhuqphqw wr iroorz d srolf| ohdglqj lq wkh orqj uxq wr wkh vwdeoh
htxloleulxp H T ' Ef> � T � zkhqhyhu wkh lqlwldo ydoxh �Ef� ' � * ri � lv vpdoohu
wkdq wkh wkuhvkrog ydoxh/ � * ? � V 1

Lq rwkhu zrugv/ zkhq wkh lqlwldo iudfwlrq ri eholhyhuv lv ohvv wkdq � V > lw
lv udwlrqdo iru wkh jryhuqphqw wr ohw wkh qxpehu ri eholhyhuv jr wr }hur/
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dowkrxjk wkh uhvxowlqj vwdwlrqdu| htxloleulxp lv dvvrfldwhg zlwk kljk orvvhv
iru doo djhqwv1 Zkhqhyhu � * A � V > wkh jryhuqphqw*v rswlpdo srolf| ohdgv wr
wkh vwdeoh htxloleulxp H S ' E� S > � S �> wkdw lv wr d vlwxdwlrq zkhuh wkhuh lv
lq shupdqhqfh d vwulfwo| srvlwlyh qxpehu ri eholhyhuv dqg zkhuh doo djhqwv
h{shulhqfh uhodwlyho| orz orvvhv1

Dv suhylrxvo| phqwlrqhg/ wkh h{lvwhqfh ri wkh wkuhvkrog lv forvho| dvvrfl0
dwhg zlwk wkh surshuwlhv ri wkh ohduqlqj ixqfwlrq +48,1 Iru dq| dfwlrqv ri wkh
jryhuqphqw | � > | +wkdw lv htxlydohqwo|= iru dq| ydoxhv ri M � R dqg M ��� R � wkh
ohduqlqj vshhg �� zloo eh vorzhu iru vpdoo ru odujh ydoxhv ri � wkdq iru lqwhuph0
gldwh rqhv1 Qrwh wkdw/ iru dq| � * ? �> lw lv qhyhu rswlpdo iru wkh jryhuqphqw
wr iroorz d srolf| wkdw zrxog xowlpdwho| lqvxuh wkdw doo djhqwv duh eholhyhuv/
� ' �1 Wkhuh duh wzr frqfxuuhqw uhdvrqv iru wkdw1 Rq wkh rqh kdqg/ dv �
lqfuhdvhv/ wkh jryhuqphqw kdv wr ghyldwh pruh dqg pruh iurp | R lq rughu wr
pdnh eholhylqj pruh sur�wdeoh wkdq qrw eholhylqj1 Rq wkh rwkhu kdqg/ wkh
ohduqlqj vshhg vorzv grzq1 Wkxv/ wkh glvfrxqwhg ehqh�wv iurp lqfuhdvlqj
� ghfuhdvh1 Wkh udwlrqdoh iru vwhhulqj wkh lqihulru htxloleulxp H T vwduwlqj
iurp dq| � * ? � V olhv lq wkh idfw wkdw/ iru wkh uhdvrqv phqwlrqhg deryh/
wkh jryhuqphqwdo orvvhv dorqj wkh rswlpdo sdwk wrzdugv H S duh vx!flhqwo|
kljkhu wkdq wkh rqhv qhhghg wr vwhhu wkh hfrqrp| wrzdugv H T wr pdnh wkh
vhfrqg suhihudeoh1

Deryh uhvxowv vxjjhvw wkdw/ iru h{dpsoh/ wkh srolf| ri d qhzo| hohfwhg
jryhuqphqw pd| eh yhu| gl�huhqw/ ghshqglqj rq wkh iudfwlrq ri wkh srsxod0
wlrq wkdw lv uhdg| wr jlyh lw eolqg wuxvw mxvw diwhu wkh hohfwlrq1 Li wkh lqlwldo
frq�ghqfh lq wkh jryhuqphqw lv kljk/ wkh frvwv ri exloglqj d odujh iudfwlrq ri
eholhyhuv duh frpshqvdwhg/ lq wkh orqj uxq/ e| dffuxhg ehqh�wv1 Wkh sulydwh
vhfwru dv d zkroh sur�wv1 Krzhyhu/ li wkh jryhuqphqw*v wuxvwzruwklqhvv lv orz
iurp wkh rqvhw/ lwv lqwhuhvw lv wr h{sorlw lwv lqlwldo fuhglelolw| iru vkruw whup
jdlqv/ dowkrxjk wklv ohdgv wr dq lqihulru vlwxdwlrq zkhuh xowlpdwho| qrerg|
wuxvwv wkh jryhuqphqw1

Wkh g|qdplfv ri wkh fdqrqlfdo v|vwhp dw wkh xqvwdeoh plggoh htxloleulxp
H U irup d vsludo1 Wkhuhiruh/ wkh wkuhvkrog ydoxh � V lv w|slfdoo| glvwlqfw iurp
� U / l1h1 � V 9' � U > dqg wkh wkuhvkrog wdnhv wkh sduwlfxoduo| fkdoohqjlqj irup
ri d Vnled srlqw1 Lq sduwlfxodu/ qr orfdo dqdo|wlfdo h{suhvvlrq h{lvwv wkdw
fkdudfwhul}h d Vnled srlqw1 Wkxv/ Vnled srlqwv pxvw eh frpsxwhg qxphul0
fdoo|1 Lw lv lpsruwdqw wr uhfrjql}h wkdw wkh fdqglgdwh vroxwlrq uhsuhvhqwhg
e| wkh wklfn olqh lq Iljxuh 4 lv qrw rswlpdo lq vrph xqnqrzq qhljkerukrrg
ri � W > vlqfh lw grhv qrw vdwlvi| wkh vx!flhqw frqglwlrqv iru dq rswlpxp lq
wklv qhljkerukrrg1 Iru d uhihuhqfh duwlfoh rq wkuhvkrogv dqg Vnled srlqwv lq
hfrqrplf prghov/ vhh Ghlvvhqehuj hw do1 +5336,1
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61415 Vhqvlwlylw| dqdo|vlv
Qxphulfdo dqdo|vhv vkrz wkdw dq lqfuhdvh lq wkh sulydwh vhfwru*v  h{lelolw|/
l1h1 dq lqfuhdvh lq �> vkliwv wkh vwdeoh htxloleulxp H S wr wkh uljkw dqg wkh
xqvwdeoh htxloleulxp H U dv zhoo dv ri wkh Vnled srlqw � V wr wkh ohiw1 Lq rwkhu
zrugv/ li wkh srsxodwlrq uhdfwv txlfno| wr sd|r� gl�huhqfhv/ wkh jryhuqphqw
zloo iroorzv d srolf| wkdw frqyhujhv wrzdugv wkh xsshu htxloleulxp hyhq li
wkh lqlwldo fruh ri eholhyhuv lv uhodwlyho| vpdoo1 Lqghhg/ wkh idvw vshhg ri
uhdfwlrq ri wkh sulydwh vhfwru phdqv wkdw wkh fxpxodwhg frvwv lqfxuuhg e|
wkh jryhuqphqw hq urxwh wr H S zloo eh vpdoo dqg hdvlo| frpshqvdwhg e| lwv
jdlqv durxqg dqg dw H S = Uhlqiruflqj wklv/ wkh jryhuqphqw grhv qrw kdyh wr
pdnh eholhyhuv pxfk ehwwhu r� wkdq qrq0eholhyhuv lq rughu wr lqvxuh d idvw
uhdfwlrq1 Dv d uhvxow/ iru � odujh/ wkh htxloleulxp H S lv fkdudfwhul}hg e| d
odujh sursruwlrq ri eholhyhuv/ dqg wkxv lqvxuhv d vpdoo vwdwlrqdu| orvv wr doo
djhqwv1

Qrw vxusulvlqjo|/ dq lqfuhdvh ri wkh glvfrxqw idfwru � kdv wkh rssrvlwh
h�hfw1 Lpsdwlhqw jryhuqphqwv zloo zdqw wr exlog xs frq�ghqfh rqo| li wkh
lqlwldo sursruwlrq ri eholhyhuv lv kljk1 Wkh uhvxowlqj htxloleulxp ydoxh ri �
zloo eh uhodwlyho| orz vlqfh wkh wlph dqg h�ruwv qhhghg qrz iru dq dgglwlrqdo
lqfuhdvh ri wkh vwrfn ri eholhyhuv zhljkv khdylo| frpsduhg wr wkh h{shfwhg
ixwxuh ehqh�wv1

Olnh dq lqfuhdvh ri �/ dq lqfuhdvh lq wkh qdwxudo udwh ri xqhpsor|phqw
7x lpsolhv d kljkhu ydoxh ri � S dqg d orzhu rqh ri � U = Wklv sulqflsdoo| uh hfwv
wkh idfw wkdw wkh vwdwlf jryhuqphqwdo orvv M 	 R lv olqhduo| lqfuhdvlqj lq 7x> dqg
ghfuhdvlqj zlwk glplqlvklqj vorsh lq �> vhh E�f�= D kljkhu 7x wkxv fuhdwhv wkh
lqflwdwlrq iru iroorzlqj d srolf| wkdw lqvxuhv kljkhu �0ydoxhv1

Wkh lpsdfw ri dq dxjphqwdwlrq ri wkh sdudphwhu �> wkdw phdvxuhv wkh
vhqvlwlylw| ri wkh lqglylgxdo xqhpsor|phqw udwh zlwk uhvshfw wr suhglfwlrq
huuruv/ lv pruh dpeljxrxv1 Iru vpdoo ydoxhv ri �> � S lqfuhdvhv zkloh � U pd|
lqfuhdvh ru ghfuhdvh1 Rwkhuzlvh � S dqg � U erwk ghfuhdvh1

61416 Rswlpdo ydoxh ixqfwlrqv
Lq Iljxuh 5/ zh sorwwhg wkh jryhuqphqw*v rswlpdo ydoxh ixqfwlrq Y 	 @ =

Y 	 @ ' Y 	 @ E� * � G' 4�?X�9ZY + 9;[A\^]`_ aGb ced Y
	 E� * �

iru wkh uhihuhqfh ydoxhv ri wkh sdudphwhuv fFg +frqwlqxrxv olqh,1 Wklv ydoxh
ixqfwlrq lv qrq0gl�huhqwldeoh dw wkh Vnled srlqw � V = Rqh uhfrjql}hv wkdw
h�i Wkh rswlpdo ydoxh ixqfwlrq Y jlk jlyhv wkh jryhuqphqw*v plqlpxp fxpxodwhg glv0

frxqwhg orvv ryhu w 5 ^3>4, zkhq wkh lqlwldo sursruwlrq ri eholhyhuv lv � m =
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� V ? � U > wkdw lv/ wkdw wkh Vnled srlqw lv rq wkh ohiw ri wkh xqvwdeoh plggoh
htxloleulxp1 Wklv lv jhqhulfdoo| wuxh lq wkh prgho/ lqghshqghqwo| ri wkh
xqghuo|lqj sdudphwhu ydoxhv1

Iljxuh 5 dovr vkrzv +grwwhg olqh, wkh rswlpdo ydoxh ixqfwlrq ri wkh jry0
huqphqw zkhq � ' f> wkdw lv zkhq wkh djhqwv gr qrw ohduq dqg wkxv zkhq
wkh sursruwlrq ri eholhyhuv dqg qrq0eholhyhuv lq wkh hfrqrp| grhv qrw fkdqjh
ryhu wlph1 Vlqfh wkhuh lv qr ohduqlqj/ wkhuh duh qr orqjhu dq| g|qdplfv ru
wkuhvkrog1 Udwkhu/ iru dq| ydoxh ri � wkh jryhuqphqw lv iurp wkh rqvhw dqg
iruhyhu dw lwv vwdwlrqdu| rswlpxp1 Wkh ydoxh ixqfwlrq iru � ' f lv hyhu|0
zkhuh ehorz wkh ydoxh ixqfwlrq iru � ' �= Wkxv/ wkh jryhuqphqw zrxog
dozd|v suhihu idflqj d srsxodwlrq wkdw wkdw grhv qrw ohduq wkdq rqh wkdw
grhv/ lqghshqghqwo| ri wkh lqlwldo sursruwlrq ri eholhyhuv dqg qrq0eholhyhuv1
Qxphulfdo lqyhvwljdwlrqv qrw suhvhqwhg khuh fAf vkrz wkdw wkh lpsruwdqw uhvxow
wkdw Y 	 @=n o 0�* ?Y 	 @pn orq * lv jhqhulf iru wkh prgho dqg grhv qrw ghshqg xsrq
wkh ydoxhv ri rwkhu wkh sdudphwhuv1

Li wkh lqlwldo vwrfn ri eholhyhuv lv vr vpdoo wkdw lw lv rswlpdo iru wkh jry0
huqphqw wr dssurdfk wkh htxloleulxp H T iru d jlyhq srvlwlyh �/ d vlpsoh
frqvlghudwlrq hvwdeolvkhv wkdw wkh jryhuqphqw zrxog lqghhg dozd|v suhihu
frpsohwh sxeolf lq h{lelolw|1 Li � ' f> wkh jryhuqphqw vkrxog fkrrvh iru dq|
jlyhq � wkh frqvwdqw frqwurov | ��s E�� dqg | s E�� wkdw pd{lpl}h lwv lqvwdqwd0
qhrxv xwlolw| dw �= Li � 9' f lw pxvw fkrrvh iru wkh vdph ydoxh ri � wkh frqwurov
| � @ E�� dqg | @ E�� wkdw vroyh +49,1 Wkhvh odwwhu frqwurov gr qrw pd{lpl}h wkh
jryhuqphqw*v lqvwdqwdqhrxv xwlolw| dw �> vlqfh wkh| pxvw lqvxuh dq rswlpdo
edodqfh ehwzhhq kljk lqvwdqwdqhrxv xwlolw| dqg idyrudeoh g|qdplfv ri �= Dg0
glwlrqdoo|/ wkh vwrfn ri eholhyhuv ghfuhdvhv ryhu wlph iru srvlwlyh �1 Wklv dovr
lqgxfhv kljkhu orvvhv frpsduhg wr � ' f zkhuh wkh vwrfn ri eholhyhuv vwd|v
dw � * 1 Wkxv/ d srvlwlyh � lqfuhdvhv wkh lqvwdqwdqhrxv dqg ixwxuh orvvhv ri
wkh jryhuqphqw wkurxjk lwv lpsdfw rq M 	 dqg rq wkh g|qdplfv ri �= Wklv
dujxphqw/ uhshdwhg iru dq| � � � V / ohdgv diwhu lqwhjudwlrq wr wkh frqfoxvlrq
wkdw wkh rswlpdo ydoxh ixqfwlrq iru wkh g|qdplf sureohp pxvw olh deryh wkh
vwdwlf uhwxuq ixqfwlrq hyhu|zkhuh rq wkh lqwhuydoo Ef> � V �=

Wkh deryh vwdwhphqw/ krzhyhu/ fdqqrw eh h{whqghg wr wkh lqwhuydo E� V > ��1
Iru wkh uhdvrqv douhdg| phqwlrqhg/ +| � @ > | @ � jhqhudwhv kljkhu lqvwdqwdqhrxv
orvvhv wkdq E| ��s > | s � rq wklv lqwhuydo1 Krzhyhu/ frqwudu| wr zkdw kdsshqhg
lq wkh fdvh � * ? � V > wkh vwrfn ri eholhyhuv lqfuhdvhv dorqj wkh g|qdplfdoo|
rswlpdo sdwk i| � @ > | @ j iru � * A � V dqg � A f1 Wklv olpsolhv d uhgxfwlrq
ri wkh ixwxuh jryhuqphqwdo orvvhv1 Wkxv/ d srvlwlyh � lqfuhdvhv wkh lqvwdq0
wdqhrxv exw whqgv wr uhgxfh wkh ixwxuh orvvhv ri wkh jryhuqphqw=Wkh wzr
h�hfwv iruphuo| lghqwl�hg zrun qrz lq rssrvlwh gluhfwlrqv1 Wkh ryhudoo h�hfw
hGh Vhh/ krzhyhu/ Vhfwlrq 616 dqg prvw sduwlfxoduo| Iljxuh ;1
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ri d srvlwlyh � rq wkh orvvhv ri wkh jryhuqphqw lv wkhuhiruh xqfohdu1 Khqfh/
iru � * 5 d� V > �o wkh qxphulfdoo| revhuyhg surshuw| wkdw Y 	 @ n o 0�* ?Y 	 @ n orq * lv
prvw olnho| sduwo| uhodwhg wr wkh vkdsh ri wkh xqghuo|lqj ixqfwlrqv � d srlqw
wkdw zh glgq*w lqyhvwljdwh lq pruh ghwdlo1

Iljxuh 5= Lpsdfw ri � * rq wkh jryhuqphqw*v ydoxh ixqfwlrq/ � ' f dqg
� ' �=

Rq wkh rwkhu kdqg/ Iljxuh 6 vkrzv wkdw wkh dyhudjh fxpxodwhg glvfrxqwhg
orvv ri wkh sulydwh vhfwru fCt =
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lv odujhu iru � A f +wklfn olqh, wkdq iru � ' f +grwwhg olqh,= Fhwhulv sdulexv/
wkh jryhuqphqw lv ehwwhu r� zkhq wkhuh lv d odujhu srsxodwlrq ri eholhyhuv1
Wkxv/ zkhqhyhu lw fdq lq xhqfh �> l1h1 zkhqhyhu � A f> lw udwlrqdoo| fkrrvhv
dq dqqrxqfhg dqg d uhdol}hg lq dwlrq udwh wkdw ehqh�wv wkh eholhyhuv1 Wklv
fkrlfh hlwkhu vorzv grzq wkh frqyhujhqfh wrzdugv wkh htxloleulxp H T > ru
vshhgv xs wkh frqyhujhqfh wrzdugv wkh htxloleulxp H S dqg vkliwv wkh odwwhu
wr wkh uljkw/ vhh vxe0vhfwlrq 614151 Wkxv/ zrug ri prxwk ohduqlqj ehqh�wv
wkh sulydwh vhfwru dv d zkroh frpsduhg wr wkh vlwxdwlrq zkhuh djhqwv gr qrw
ohduq/ dv zh vkdoo qrz vhh lq pruh ghwdlo1 Qrwlfh wkdw wkh fxpxodwhg orvv
hFw Wkdw lv zlwk vrph dexvh ri odqjxdjh/ wkh sulydwh vhfwru*v orvv ixqfwlrq1
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Y � @ ri wkh sulydwh vhfwru mxpsv dw wkh Vnled srlqw iru � ' �1 Wklv iroorzv
iurp wkh idfw wkdw wkh rswlpdo srolf| ri wkh jryhuqphqw lv glvfrqwlqxrxv dw
wkh Vnled srlqw/ d skhqrphqrq wkdw lv w|slfdo iru Vnled srlqwv dqg qhyhu
kdsshqv dw qrq0Vnled wkuhvkrogv1

Pruhryhu/ Y � @ lv +w|slfdoo| vljql�fdqwo|, orzhu iru � 5 E� V > �� wkdq iru
� 5 Ef> � V �= Wklv klqwv wkdw wkh zhoiduh ri d srsxodwlrq pd| ghshqg lq d
qrq0vprrwk zd| xsrq wkh lqlwldo wuxvw dffrughg lqlwldoo| wr d jryhuqphqw1 Li
wklv wuxvw lv e| plvfkdqfh orz/ hyhq d jryhuqphqw wkdw lv uhfhswlyh wr wkh
sulydwh zhoiduh zloo fkrrvh wr ohw wkh hfrqrp| frqyhujh wrzdugv wkh lqihulru
htxloleulxp H T = Wkxv/ wkh lqlwldo ohyho ri frq�ghqfh hqmr|hg e| d jryhuqphqw
pd| kdyh surirxqg lpsolfdwlrq iru lwv odwhu ehkdylru dqg iru wkh zhoo0ehlqj
ri vrflhw| dv d zkroh1

Iljxuh 6= Lpsdfw ri � * rq wkh sulydwh vhfwru*v ydoxh ixqfwlrq/ � ' f dqg
� ' �=

615 Elixufdwlrq wrzdugv d xqltxh htxloleulxp
Wkh vfhqdulr zlwk wzr vwdeoh htxloleuld vhsdudwhg e| d Vnled srlqw fdq fkdqjh
txdolwdwlyho| dv wkh sdudphwhu ydoxhv duh dowhuhg1 Iru vpdoo ydoxhv ri 7x> �> �/
uhvshfwlyho| iru odujh ydoxhv ri � wkh htxloleulxp H S froolghv zlwk V S dqg
glvdsshduv1 Wkh elixufdwlrq ydoxhv +doo rwkhu sdudphwhuv ehlqj khog dw wkh
uhihuhqfh ydoxhv, duh �x � �=D�> �� � f=e�> �� � f=�DD> �� � .=e1 Iru wkhvh ydoxhv/
wkh rqo| vwdeoh htxloleulxp lv H T = Wkxv/ lq wkh orqj0uxq/ wkh sursruwlrq ri
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eholhyhuv jrhv wr 31 Wkh uhvxowlqj vwdwlrqdu| vroxwlrq lv wkh rqh iru wkh vwdq0
gdug N|godqg0Suhvfrww prgho zlwkrxw eholhyhuv/ dqg zloo qrw eh glvfxvvhg
ixuwkhu1

Lq wkh skdvh vsdfh wkhvh froolvlrqv duh +lqyhuvh wdqjhqw, elixufdwlrqv1 Eh0
iruh wkh| rffxu wkh wzr eudqfkhv ri wkh �0lvrfolqh froolgh dqg uh0frqqhfw/
dv vkrzq e| wkh skdvh gldjudpv ri Iljxuhv 7 wr 91 Qrwlfh wkdw wkh skdvh
gldjudp ri Iljxuh 7 lv prgxor vrph vfdolqj wkh vdph dv lq Iljxuh 41

Iru yhu| vpdoo ydoxhv ri �> � ? f=�D> wkh �0lvrfolqh kdv dq lqwhuvhfwlrq
zlwk wkh olqh � ' �= Wkxv/ wkhuh h{lvwv dq dgglwlrqdo htxloleulxp1 Krz0
hyhu/ wklv htxloleulxp lv d uhshoolqj qrgh dqg lwv h{lvwhqfh grhv qrw dowhu wkh
txdolwdwlyh surshuwlhv ri wkh prgho1

Wkh rffxuuhqfh ri elixufdwlrq wrzdugv d xqltxh htxloleulxp fdq eh hdvlo|
lqwhusuhwhg iru wkh gl�huhqw sdudphwhuv frqvlghuhg1 Iru lqvwdqfh/ ohw xv irfxv
rq �1 D jryhuqphqw wkdw lv glvfrxqwlqj khdylo| +� odujh, zloo dfw doprvw p|0
rslfdoo| dqg fkrrvh d srolf| forvh wr wkh rqh wkdw pd{lpl}hv lwv lqvwdqwdqhrxv
xwlolw|/ | ��s > | s 1 Wkhq M � A M ��� / dqg � jrhv wr 3 iru doo lqlwldo � * 1

Rxu pdlq irfxv lq wkh uhpdlqghu ri wkh sdshu/ krzhyhu/ olhv rq wkh lpsdfw
ri fkdqjhv lq wkh sxeolf  h{lelolw| sdudphwhu � rq wkh txdolwdwlyh surshuwlhv
ri wkh htxloleulxp rxwfrph dqg rq wkh ydoxh ixqfwlrqv ri wkh jryhuqphqw dqg
wkh sulydwh vhfwru1
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Iljxuh 7= Skdvh gldjudp/ � ' f=D
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Iljxuh 8= Skdvh gldjudp/ � ' f=eHD
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Iljxuh 9= Skdvh gldjudp/ � ' f=eH

616 Lpsdfw ri sxeolf  h{lelolw|
Dv glvfxvvhg deryh/ d vx!flhqw ghfuhdvh lq wkh sxeolf  h{lelolw| sdudphwhu
� ohdgv wr wkh glvdsshdudqfh ri wkh htxloleulxp H S 1 Iljxuh : vkrzv wkh
fruuhvsrqglqj elixufdwlrq gldjudp1 Wkh iudfwlrq ri eholhyhuv lq wkh htxlole0
ulxp H S jrhv grzq dv sxeolf  h{lelolw| ghfuhdvhv zkhuhdv vlpxowdqhrxvo| wkh
lqlwldo qxpehu ri eholhyhuv qhfhvvdu| wr uhdfk H S xqghu wkh rswlpdo srolf|
jrhv xs1 Iru � ? �� � f=e�> sxeolf  h{lelolw| lv vr orz wkdw wkh jryhuqphqw
suhihuv wr h{sorlw wkh fxuuhqw vwrfn ri eholhyhuv/ ohdglqj wr d vorz ghfuhdvh ri
� wrzdugv }hur uhjdugohvv ri wkh lqlwldo qxpehu ri eholhyhuv1
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Iljxuh := Elixufdwlrq gldjudp/ uhihuhqfh frq�jxudwlrq1
Qrwhzruwk| rq Iljxuh : lv wkh idfw wkdw wkh Vnled ydoxh � V frqyhujhv

wrzdugv 3 dqg sudwlfdoo| uhdfkhv wklv ydoxh iru � juhdwhu wkdq 4198 dssur{l0
pdwho|1 Wkxv/ li � lv odujhu wkdq 4198/ wkh hfrqrp| kdv rqo| rqh qrq0wulyldo
htxloleulxp/ H S > iru doo sudfwlfdo sxusrvh Wkh jryhuqphqw zloo vwhhu wkh hfrq0
rp| wrzdugv wklv vxshulru htxloleulxp iru yhu| vpdoo srvlwlyh lqlwldo ydoxhv
ri �= Wkxv/ wkh lqihulru htxloleulxp H T dqg rqo| wklv htxloleulxp zloo eh re0
vhuyhg hyhq li wkhuh duh qr doprvw qr eholhyhuv iurp wkh rqvhw1 Frqfxuuhqwo|/
wkh fdqrqlfdo v|vwhp +53,0+55, kdv dq xqvwdeoh htxloleulxp H U zklfk/ iru wkh
sdudphwhu frqvwhoodwlrq frqvlghuhg/ grhv qrw dssurdfk 3 exw vwd|v deryh d
ohyho ri � U ' f=�1 Wklv htxloleulxp grhv qrw vdwlvi| wkh vx!flhqw frqglwlrqv
iru dq rswlpxp dqg/ wkxv/ kdv qr vxevwdqwlyh ydoxh iru wkh sureohp frqvlg0
huhg1 D vxshu�fldo dqdo|vlv ri wkh xqghuo|lqj skdvh gldjudp pd| qrqhwkhohvv
hdvlo| ohdg wr wkh � huurqhrxv � d!updwlrq wkdw H U lv d wkuhvkrog vhsdudw0
lqj wzr edvlqv ri dwwudfwlrq wrzdugv H T dqg H S uhvshfwlyho|1 Rqh fdq �qg
qxphurxv h{dpsohv ri vxfk plvwdnhv lq wkh hfrqrplf olwwhudwxuh fCx =

Wkh glvfxvvlrq ri vhfwlrq 61416 vxjjhvwhg wkdw wkh jryhuqphqw dozd|v
suhihuv orz sxeolf  h{lelolw| wr kljk sxeolf  h{lelolw|1 Lv wklv lqghhg vr dqg lv
wkh uhyhuvh wuxh iru wkh sulydwh vhfwruB Wr khos dqvzhu wkhvh txhvwlrqv/ Iljxuh
; vkrzv wkh rswlpdo ydoxh ixqfwlrqv ri wkh jryhuqphqw +frqwlqxrxv olqh, dqg
ri wkh sulydwh vhfwru +grwwhg olqh, dv d ixqfwlrq ri wkh  h{lelolw| �1 Dv ehiruh/
h�y Wkh dxwkruv duh wkdqnixo wr Iudq} Zluo iru eulqjlqj wklv srlqw wr wkhlu dwwhqwlrq1
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lw lv dvvxphg wkdw lqlwldoo| kdoi ri wkh djhqwv duh eholhyhuv/ �Ef� ' f=D1 Lq
wkh �jxuh/ �� lv wkh elixufdwlrq ydoxh lqwurgxfhg deryh1 Dv fdq eh vhhq/ wkh
txdolwdwlyh surshuwlhv ri erwk ydoxh ixqfwlrqv fkdqjhv dssur{lpdwho| dw ��1
Wkh fuxfldo � ydoxh/ krzhyhu/ lv wkh ydoxh 	� iru zklfk wkh htxloleulxp ydoxh
� S htxdov wkh lqlwldo ydoxh �Ef� ' f=D/ wkdw lv/ wkh vroxwlrq ri � S E�� ' f=D=
Dv fdq eh vhhq iurp Iljxuh : wklv ydoxh lv voljkwo| odujhu wkdq ��1 Zh vkdoo
h{dplqh wkh wzr fdvhv/ � ? 	� dqg � A 	�> vhsdudwho|1

Zkhq � ? 	�> lw lv rswlpdo iru wkh jryhuqphqw wr dfw lq vxfk d zd| dv
wr ohw wkh vwrfn ri eholhyhuv ghfuhdvh1 Iru �� ? � ? 	� wkh vwrfn ri eholhyhuv
zloo ghfuhdvh wr � S / iru � ? �� lw zloo xowlpdwho| jr grzq wr }hur1 Krzhyhu/
vlqfh wkh jryhuqphqw ehqh�wv iurp ehlqj wuxvwhg/ wkh ghfuhdvh lq � vkrxog
rswlpdoo| eh vorzhu wkdq wkh rqh xqghu wkh vwdwlf ghflvlrqv | ��s > | s = D vpdoo
� lpsolhv d vorz ghfuhdvh ri � hyhq li wkh jryhuqphqwdo dfwlrqv pdnh wkh
qrq0eholhyhuv vljql�fdqwo| ehwwhu r� wkdq wkh eholhyhuv1 Wkh ydoxh ri � zloo
ghfuhdvh/ pruhryhu/ hyhq li wkh jryhuqphqwdo dfwlrqv pdnh qrq0eholhyhuv ehw0
whu r� wkdq eholhyhuv1 Wkxv/ wkh jryhuqphqw grhv qrw kdyh wr wdnh pxfk lqwr
dffrxqw wkh vshfl�f lqwhuhvwv ri wkh sulydwh vhfwru dqg grhv qrw qhhg wr ghyl0
dwh pxfk iurp | ��s > | s lq dq| w1 Lwv orvv lv orz/ wkh sulydwh orvv lv kljk1 Dv �
lqfuhdvhv/ krzhyhu/ wkh jryhuqphqw pxvw sd| pruh dwwhqwlrq wr nhhslqj wkh
jds lq orvvhv ehwzhhq eholhyhuv dqg qrq0eholhyhuv vpdoo/ lq rughu wr lqvxuh d
uhodwlyho| vorz ghfuhdvh ri �1 Dv wkh jryhuqphqwdo orvv lqfuhdvhv/ wkh sulydwh
orvv ghfuhdvhv1

Zkhq � A 	�> wkh jryhuqphqw lqwhuhvw lv wr exlow xs wkh vwrfn ri eholhyhuv
wr wkh ydoxh � S A �Ef�1 Wr gr wklv/ lw pxvw lqvxuh d srvlwlyh ydoxh ri ��>dqg
wkxv pdnh vxuh wkdw eholhyhuv kdyh orzhu orvvhv wkdq qrq0eholhyhuv1 Wklv
lpsolhv fkrrvlqj dq lq dwlrq udwh ehorz wkh lqvwdqwdqhrxvo| rswlpdo ohyho | s 1
Dv � lqfuhdvhv/ lw ehfrphv pruh dqg pruh hdv| wr wuljjhu d idvw lqfuhdvh lq
wkh ohyho ri eholhyhuv e| pdnlqj wkhp rqo| voljkwo| ehwwhu r� wkdq wkh qrq0
eholhyhuv1 Wkxv/ wkh jryhuqphqw wdnhv ohvv dqg ohvv lqwr dffrxqw wkh sulydwh
lqwhuhvwv1 Dv wkh jryhuqphqwdo orvv ghfuhdvhv/ wkh sulydwh orvv lqfuhdvhv1
Erwk ydoxh ixqfwlrqv duh qrw yhu| vhqvlwlyh wr wkh ydoxh ri �= Qrwlfh wkdw wkh
plqlpxp ri Y � @ lv dwwdlqhg iru � voljkwo| odujhu wkdq ��1

Lw vkrxog eh qrwhg wkdw zkhuhdv wkh orqj uxq dwwudfwru ri � fkdqjhv glv0
frqwlqxrxvo| dv � furvvhv �� iurp deryh/ erwk Y 	 @ dqg Y � @ duh frqwlqxrxv lq
�1 Wkh ixqfwlrq Y 	 @ pxvw eh frqwlqxrxv vlqfh lw lv wkh ydoxh ixqfwlrq ri dq
rswlpl}dwlrq sureohp1 Wkh frqwlqxlw| ri Y � @ > krzhyhu/ pd| dsshdu frxqwhu0
lqwxlwlyh1 Wkh uhdvrq iru wklv frqwlqxlw| fdq eh uhfrjql}hg iurp wkh Iljxuhv 8
dqg 91 Iru � voljkwo| vpdoohu wkdq ��> wkh rswlpdo wudmhfwru| frqyhujhv lq wkh
orqj uxq> vwduwlqj iurp dq| � * ? �> wr � ' f= Krzhyhu/ wklv wudmhfwru| sdvvhv
qhdu wkh srlqw zkhuh � S xvhg wr eh mxvw ehiruh wkh elixufdwlrq rffxuuhg1 Dw
wklv srlqw/ lw lv yhu| forvh wr wkh lvrfolqhv �� ' f dqg �� ' f dv zhoo1 Khqfh/
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wkh hfrqrp| vshqgv d yhu| orqj wlph qhdu wkh rog htxloleulxp H S / dqg wkh
glvfrxqwhg orvvhv ri wkh sulydwh vhfwru duh frqwlqxrxv lq �1

Iljxuh ;= Lpsdfw ri � rq wkh ydoxh ixqfwlrqv1

7 Frqfoxvlrq
Wkh vwduwlqj srlqw ri wklv sdshu lv d vlwxdwlrq zkhuh vwdqgdug rswlpl}lqj
ehkdylru ohdgv wr d Sduhwr0lqihulru rxwfrph/ dowkrxjk wkhuh lv qr ixqgdphqwdo
frq lfw ri lqwhuhvw qhlwkhu dprqj wkh gl�huhqw djhqwv qru ehwzhhq wkh sulydwh
vhfwru dqg wkh jryhuqphqw1 Lq dgglwlrq wr wkh prqhwdu| srolf| sureohp
vwxglhg khuh/ vxfk d vlwxdwlrq lv frpprq iru lqvwdqfh lq glvdvwhu uholhi/ sdwhqw
surwhfwlrq/ fdslwdo ohylhv/ ru ghidxow rq ghew � vxjjhvwlqj d zlgh dssolfdelolw|
ri wkh sursrvhg dssurdfk1

Wklv dssurdfk h{sorlwv d edvlf surshuw| ri wkh 4<<: vwdwlf N|godqg0
Suhvfrww dqg uhodwhg prghov1 Wkh h{lvwhqfh ri d fruh ri eholhyhuv/ krzhyhu
vpdoo/ zkr wdnh wkh jryhuqphqw*v dqqrxqfhphqwv dw idfh ydoxh lv vx!flhqw wr
Sduhwr0lpsuryh wkh rxwfrph1 Wklv surshuw| fuxfldoo| klqjhv rq wkh idfw wkdw
wkh sulydwh vhfwru lv dwrplvwlf/ dqg wkxv/ wkdw vlqjoh djhqwv gr qrw dqwlflsdwh
wkh froohfwlyh lpsdfw ri wkhlu lqglylgxdo ghflvlrqv1

Wkh vwdwlf iudphzrun lv h{whqghg e| dvvxplqj wkdw wkh sursruwlrq ri
eholhyhuv dqg qrq0eholhyhuv lq wkh hfrqrp| fkdqjhv ryhu wlph edvhg rq wkh
orvvhv* gl�huhqfhv iru wkh wzr nlqgv ri djhqwv1 Wkh fkdqjh reh|v d zrug ri
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prxwk surfhvv gulyhq e| wkh uhodwlyh vxffhvv ri wkh rqh ru wkh rwkhu sulydwh
vwudwhj| � wr eholhyh ru qrw wr eholhyh1 Lw lv dvvxphg wkdw wkh jryhuqphqw
uhfrjql}hv lwv delolw| wr lq xhqfh wkh zrug wr prxwk g|qdplfv e| dq ds0
sursuldwh fkrlfh ri dfwlrqv/ dqg lv lqwhuhvwhg qrw rqo| lq lwv lqvwdqwdqhrxv
exw dovr lq lwv ixwxuh orvvhv1 Lw lv vkrzq wkdw zruwk wr prxwk ohduqlqj lv
lqvx!flhqw wr lqvxuh d Sduhwr0rswlpdo rxwfrph1 Krzhyhu/ lw pd| ohdg wr d
Sduhwr lpsuryhphqw li wkh jryhuqphqw lv vx!flhqwo| sdwlhqw dqg li wkh  h{l0
elolw| ri wkh sulydwh djhqwv/ l1h1 wkh lqwhqvlw| zlwk zklfk wkh| uhdfw wr sd|r�
gl�huhqfhv/ lv vx!flhqwo| kljk1

Iru dq lqwhuphgldwh udqjh ri  h{lelolw|/ wkh lqlwldo iudfwlrq ri eholhyhuv
lq wkh srsxodwlrq sod|v d glvwlqjxlvkhg uroh1 Li wklv iudfwlrq lv orz/ wkh
jryhuqphqw rswlpdo frxuvh ri dfwlrq xowlpdwho| ohdgv wr dq htxloleulxp zkhuh
qrerg| dq| orqjhu eholhyhv wkh jryhuqphqw/ l1h1/ wr wkh vwdqgdug htxloleulxp
ri wkh vwdwlf sureohp1 Wkh orvvhv ri wkh jryhuqphqw dqg ri wkh sulydwh djhqwv
duh yhu| kljk dw wklv htxloleulxp1 Rq wkh rwkhu kdqg/ li wkh lqlwldo sursruwlrq
ri eholhyhuv lv vx!flhqwo| odujh/ lw lv udwlrqdo iru wkh jryhuqphqw wr dfw lq
d zd| wkdw xowlpdwho| lqvxuhv wkdw d srvlwlyh +exw vwulfwo| vpdoohu wkdq 4,
iudfwlrq ri wkh sulydwh djhqwv duh eholhyhuv1 Wkh uhvxowlqj htxloleulxp Sduhwr0
grplqdwhv wkh rqh zkhuh qrerg| eholhyhv wkh jryhuqphqw1 Wkh edvlqv ri
dwwudfwlrqv ri erwk htxloleuld duh vhsdudwhg e| d Vnled srlqw/ l1h1 e| d ydoxh
ri wkh lqlwldo vwrfn ri eholhyhuv dw zklfk wkh jryhuqphqw lv lqgl�huhqw ehwzhhq
vwhhulqj wkh rqh ru wkh rwkhu htxloleulxp1 Iru d vx!flhqwo| odujh  h{lelolw|/
wkh Vnled srlqw doprvw frlqflghv zlwk wkh ruljlq1 Wkdw lv/ wkh jryhuqphqw
zloo vwhhu wr wkh ehwwhu htxloleulxp iru doprvw dq| vwulfwo| srvlwlyh lqlwldo
srsxodwlrq ri eholhyhuv1

Wkh fxpxodwhg orvvhv ri wkh sulydwh vhfwru duh glvfrqwlqxrxv dw wkh Vnled
srlqw1 Wkh| duh kljkhu li wkh jryhuqphqw fkrrvhv wr frqyhujh wrzdugv wkh
vwdqgdug vwdwlf htxloleulxp/ orzhu rwkhuzlvh1 Pruhryhu/ wkh| duh w|slfdoo|
kljkhu zkhq wkh lqlwldo sursruwlrq ri eholhyhuv lv vpdoohu wkdq wkh Vnled
ydoxh wkdq lq wkh rssrvlwh fdvh1

Dq lpsruwdqw lqvljkw iurp wkh prgho lv wkdw wkh ohyho ri sulydwh  h{lelo0
lw| wkdw plqlpl}hv wkh jryhuqphqw*v fxpxodwhg orvvhv gl�huv iurp wkh ohyho
wkdw plqlpl}hv wkh sulydwh vhfwru*v orvvhv1 Vrphzkdw vxusulvlqjo|/ wkh jry0
huqphqw lv dozd|v ehwwhu r� zkhq wkh srsxodwlrq lv wrwdoo| lq h{leoh dqg
wklv/ lqghshqghqwo| ri wkh qxpehu ri eholhyhuv +Zkhq wkh sulydwh vhfwru lv
frpsohwho| lq h{leoh/ wklv qxpehu grhv qrw fkdqjh ryhu wlph,1 Wklv uh hfwv
dprqj rwkhuv wkh idfw wkdw/ zkhq wkh srsxodwlrq lv lq h{leoh/ wkh jryhuqphqw
grhv qrw qhhg wr qxuwxuh wkh vwrfn ri eholhyhuv e| lqvxulqj jrrg rxwfrphv wr
lwv phpehuv1 Wkh sulydwh vhfwru/ e| frqwudvw/ dwwdlqv lwv orzhvw fxpxodwhg
orvvhv iru d srvlwlyh exw qrw wrr kljk  h{lelolw|1 Dv lqglfdwhg deryh/ d orz
 h{lelolw| uhgxfhv wkh lqfhqwlyh ri wkh jryhuqphqw wr lqvxuh/ dw d frvw/ jrrg
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rxwfrphv iru wkh eholhyhuv1 D kljk  h{lelolw| kdv d vlplodu h�hfw/ vlqfh wkh
sursruwlrq ri eholhyhuv wkhq fkdqjhv yhu| txlfno| dv d ixqfwlrq ri vpdoo sd|r�
gl�huhqfhv1

Wkh vroxwlrq lv rewdlqhg xqghu wkh dvvxpswlrq wkdw wkh qrq0eholhyhuv
duh erxqghgo| udwlrqdo/ lq wkh uhvwulfwlyh vhqvh wkdw zkloh wkh| nqrz wkh
lqvwdqwdqhrxv orvv ixqfwlrq ri wkh jryhuqphqw/ wkh| gr qrw uhfrjql}h wkdw
wkh jryhuqphqw lv vroylqj dq lqwhuwhpsrudo rswlpl}dwlrq sureohp dqg wkdw lw
lv xvlqj wkh zrug ri prxwk surfhvv vwudwhjlfdoo|1 Zh ohdyh wr ixwxuh uhvhdufk
wkh qrq0wulyldo wdvn ri h{sorulqj wkh frqvhtxhqfhv ri d uhod{dwlrq ri wklv
k|srwkhvlv1

8 Uhihuhqfhv
Fkrz/ L1 dqg D1 Pdwvxl +4<<8,/ �Lqgxfwlrq dqg wkh Udpvh| Srolf|�/ Mrxuqdo
ri Hfrqrplf G|qdplfv dqg Frqwuro/ 4</ 4446044731

Gdzlg/ K1 +4<<<,/ �Rq wkh G|qdplfv ri Zrug ri Prxwk Ohduqlqj zlwk
dqg zlwkrxw Dqwlflsdwlrqv�/ Dqqdov ri Rshudwlrqv Uhvhdufk/ ;</ 5:6 0 5<81

Ghlvvhqehuj/ Fk1 dqg I1 Doyduh} Jrq}doh} +5335,/ Sduhwr0lpsurylqj
fkhdwlqj lq d prqhwdu| srolf| jdph/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg
Frqwuro/ 59/ 478:047:<1

Ghlvvhqehuj/ Fk1/ Ihlfkwlqjhu/ J1/ Vhppohu/ Z1 dqg I1 Zluo +5336,/ %Pxo0
wlsoh Htxloleuld/ Klvwru| Ghshqghqfh/ dqg Joredo G|qdplfv lq Lqwhuwhpsr0
udo Rswlpl}dwlrq Prghov%1 Lq= Eduqhww/ Z1/ Ghlvvhqehuj/ Fk1/ dqg J1 Ih0
lfkwlqjhu +Hgv1,/ Hfrqrplf Frpsoh{lw|= Qrq0olqhdu G|qdplfv/ Pxowl0djhqwv
Hfrqrplhv/ dqg Ohduqlqj/ LVHWH Yro1 47/ Hovhylhu/ Dpvwhugdp1 Grzqordg0
deoh dw= kwws=22gxudqgdo1fquv0puv1iu2JUHTDP2gw2zs0sgi34234f351sgi1

Kriedxhu/ M1 dqg Vljpxqg/ N1 +4<<;,/ Hyroxwlrqdu| Jdphv dqg Srsxod0
wlrq G|qdplfv/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1

Luhodqg/ S1 +4<<:,/ %Vxvwdlqdeoh prqhwdu| srolflhv%/ Mrxuqdo ri Hfrqrplf
G|qdplfv dqg Frqwuro 55/ ;:043;1

Luhodqg/ S1 +5333,/ �H{shfwdwlrqv/ Fuhglelolw|/ dqg Wlph0Frqvlvwhqw Prq0
hwdu| Srolf|�/ Pdfurhfrqrplf G|qdplfv/ 7/ 77;07991

Ju qh/ O1/ dqg Z1 Vhppohu +5335,/ %Xvlqj g|qdplf surjudpplqj zlwk
dgdswlyh julg vfkhph iru rswlpdo frqwuro sureohpv lq hfrqrplfv%/ Zrunlqj
sdshu/ Fhqwhu iru Hpslulfdo Pdfurhfrqrplfv/ Xqlyhuvlw| ri Elhohihog1

N|godqg/ I1 dqg H1 Suhvfrww +4<::,/ %Uxohv Udwkhu wkdq Glvfuhwlrq= wkh
Lqfrqvlvwhqf| ri Rswlpdo Sodqv%/ Mrxuqdo ri Srolwlfdo Hfrqrp| ;8/ 7:607<41

Ohrqdug/ G1 dqg Q1 Ydq Orqj +4<<9,/ Rswlpdo frqwuro wkhru| dqg vwdwlf
rswlpl}dwlrq lq hfrqrplfv/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh/1XN
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Plfkho/ S1 +4<;5,/ %Rq wkh wudqvyhuvdolw| frqglwlrq lq lq�qlwh krul}rq
rswlpdo sureohpv%/ Hfrqrphwulfd/ 83/ <:8 0 <;81

Vwrnh|/ Q1 +5335,/ %Uxohv yhuvxv Glvfuhwlrq diwhu Wzhqw|0Ilyh \hduv%1
Grzqordgdeoh dw= kwws=22zzz1vuf1xfklfdjr1hgx2xvhuv2vwrnh2pdfurdqq1sgi

Vdujhqw/ W1M1 +4<<<,/ Wkh Frqtxhvw ri Dphulfdq Lq dwlrq1 Sulqfhwrq
Xqlyhuvlw| Suhvv/ Sulqfhwrq/ Q1M1

Ydooìh/ Wk1/ Fk1 Ghlvvhqehuj/ dqg W1 Edvdu +4<<<,/ %Rswlpdo rshq orrs
fkhdwlqj lq g|qdplf uhyhuvhg Olqhdu0Txdgudwlf Vwdfnhoehuj jdphv%/ Dqqdov
ri Rshudwlrqv Uhvhdufk ;;/ 57:05991
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